
Non-unitarity in 2D field theory 

There is no royal road to geometry (Euclid)

“O where are you going?’’ (Auden) 



We will put ourselves in the context of critical or near-critical, isotropic statistical 
mechanics models in 2D, which can be described by a local Euclidian field theory. 
We will also assume the usual correspondence with a 1D relativistic quantum field 
theory in imaginary time. 

A warning for the purists:

There’s nothing special there - you can think of your favorite Ising model  

Claim:

For many examples of experimental or theoretical interest, the 1D QFT is in fact non-unitary

What I will mean by this - for the time being - is that the “Hamiltonian” is not Hermitian.

(Note: this is in fact the case in any dimension, but we’ll stick to 2D)



A large category of examples leading to this 
situation: geometrical problems 

 One may for instance consider clusters in ordinary  spin models such as the Ising model: 

spin clusters at criticality

 Or many cousins of a geometrical nature such as percolation or self-avoiding walks  

Figure 4: An example of SAW in 2 dimensions by V. Be↵ara

sets may hit each other. However, they do not intersect if they live in more than four
dimensions. Thus, the self-avoidance constraint is not so important if d � 5. In this case,
even if given self-avoidance, the distance is still of order

p
n, the same as the unrestricted

random walk. This theorem is easy to get, but di�cult to prove, and it eventually was
proved by Slade and Hara.

In dimensions 2, 3, 4, the average length is not known rigorously. In fact, there are
no nontrivial upper or lower bounds! However, there are conjectures.

Conjecture 1 (heuristic argument). (Flory) The average length of an n-step SAW is
(
n

3
d+2 , if d  4

n
1
2 , if d � 4.

This conjecture is correct for d > 4 and d = 1, which is particularly easy. For d = 1,
the self-avoiding walk becomes a straight line, so the average length of a SAW is exactly
n. For d = 4, it is expected to be right with “logarithmic corrections”. Actually, this
conjecture can be interpreted as the fractal dimension of a SAW is d+2

3 .

If d = 2, the conjecture is expected to be true. In fact, there is a lot of good evidence
for it:

• Very accurate numerical simulations;

• Much better heuristic arguments from theoretical physics using renormalization
group and conformal field theory;

• Under certain assumptions of the limit, there is only one possible limit (a particular
case of the Schramm-Loewner evolution). This limit object as fractal dimension 4

3 .

Despite this, there is no rigorous proof that the average length grows faster than n
1
2+"

(it has to grow at least like n
1
2 since the walk has n distinct points) or that the average

5



the interesting questions  involve mildly non-local information 

e.g. probability that two spins 
belong to the same cluster 

involves exploring paths that 
may get very far in the 

system

 this can be traded for locality and non-unitarity, e.g. via replica limits or direct introduction of 
complex Boltzman weights

e.g. for SAWs requiring an 
n→0 limit (de Gennes), loops 

can be killed by  orienting 
them, and then attributing a 

weight 
to left and right turns using 
that, on the plane (Nienhuis) 
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 to fix ideas, the kinds of local Hamiltonians one gets are typically combinations of 

1 Introduction

Many important lattice models are described by an evolution operator in the form of a matrix realisation
of the Hamiltonian element

h = −
n−1
!

i=1

ei (1.1)

of the Temperley-Lieb algebra TLn(β) [1]. An important example is the XXZ Hamiltonian introduced
by Alcaraz et al in [2]. Indeed, Pasquier and Saleur [3] made the far-reaching observation that the
choice of boundary terms made in [2] endows the spin chain with both an invariance under the quantum
group Uq(sl2) and a natural representation of the Temperley-Lieb algebra. In that model, the generators
ei, 1 ! i ! n− 1, are represented by endomorphisms of (C2)⊗n,

χ(ei) =
1

2

"

σx
i σ

x
i+1 + σy

i σ
y
i+1 −

1

2
(q + q−1)(σz

i σ
z
i+1 − I) +

1

2
(q − q−1)(σz

i − σz
i+1)

#

, (1.2)

where σα
i , α = x, y, z, are the usual Pauli matrices. The parameter β labeling the algebra TLn(β) is

given by
β = q + q−1, q ∈ C

×, (1.3)

while the XXZ spin-chain Hamiltonian is

HXXZ = χ(h) = −
n−1
!

i=1

χ(ei). (1.4)

Another example of a lattice system whose evolution is prescribed by h is the densely packed loop model,
in which several Temperley-Lieb representations are involved depending on the choice of boundary
conditions [4]. In particular, these lattice models realise the so-called standard modules Vn,d addressed
below in Theorem 1.

Although the Hamiltonian HXXZ is not hermitian, the authors of [2] remark that the spectrum
of HXXZ is real for |q| = 1. Their argument is short and essentially amounts to observing that the
Hamiltonian is invariant under the simultaneous application of complex conjugation and left-right
reflection. However, the Hamiltonian Ĥ = 1

2(q− q−1)
$n−1

i=1 (σ
z
i −σz

i+1) is likewise invariant under these
two operations, but its spectrum is purely imaginary for generic q on the unit circle. This reasoning
for the reality of the eigenvalues is therefore incomplete, and it is not clear how to fix it.

The reality of the spectrum of the Uq(sl2)-invariant HXXZ is also addressed by Korff and Weston [5],
albeit in a roundabout way. They recall that PT -invariance, the invariance under a simultaneous
change of parity P and time reversal T (complex conjugation), is a sufficient criterion to identify non-
hermitian Hamiltonians with real spectra if the invariance is realised in the strong sense, meaning
that every eigenstate is separately invariant (up to a constant). They subsequently use the invariance
under Uq(sl2) to identify a quotient of (C2)⊗n on which the Hamiltonian HXXZ is PT -symmetric and
diagonalisable with real eigenvalues. However, since the Hamiltonian HXXZ defined by (1.2) and (1.4)
is known to have nontrivial Jordan blocks when q is a root of unity, the set of representations for which
their result holds is rather limited. Still, their paper contains several results of interest to our studies.
First, they show that the full Hamiltonian HXXZ for the spin chain with n spins is diagonalisable with
real spectrum if q = eiθ with |θ| < π/n. Second, for q2ℓ = 1 with ℓ " 2 integer, they demonstrate
the reality of the spectrum of HXXZ for irreducible representations lying to the left of the first critical
line. (These concepts are defined in Section 2.4.) They even display orthonormal bases for the inner
product on these representations. However, these two constraints limit the number of representations
for which the reality of the spectrum has been established, and this limitation is especially unfortunate
for the study of the XXZ spin models in their large n limit.

A straightforward way to prove the reality of the spectrum of a linear map H ∈ End(V ), where
V is a finite-dimensional vector space over C, is to find an inner product ( | ) : V × V → C such that

3
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,

breaks hermiticity

The plateau transition in the  integer quantum Hall effect (a 𝟸+𝟷 D problem) 

There are in fact many more such problems 

(Temperley-Lieb; Baxter)

(Chalker-Coddington; Pruisken et al.; Zirnbauer et al.)



can be mapped after some gymnastics to the  𝟸D 

CP 1|1

U(1, 1|2)
U(1|1)� U(1|1)

sigma model at � = ⇥

4

the super algebra “target space” supersymmetry implies non-unitarity

 Sigma models of this type appear also in the description of strings in AdS space 
(Berkovits,Vafa,Witten), or in topology (Rozansky, Saleur)

Phase transitions in several other disordered systems are related with similar exotic 
sigma models. 

in fact it has been known for a long time that self-avoiding walks were also related with  
the problem of a scalar particle in a random imaginary potential

 Note: non-unitarity of course also appears in the (sometimes phenomenological, sometimes
exact) description of open quantum systems (Lindblad, Liouvillians). This is not (at least initially) 
what I have in mind here.



Consequences of non-unitarity 

 In all models we are interested in the energies remain real. There are symmetries 
partly exlaining this, e.g. supergroup symmetry 

Note: this has something to do with the developments about PT symmetry (Bender). We do not however intend 
 to “modify” quantum mechanics: scalar products are given to us by the quantities we wish to study  

The number one strange thing is signs: probabilities can be negative, norm squares 
of states can be negative 

 Signs have interesting physical consequences. For instance the Mermin-Wagner 
theorem does not hold any longer. 

Ordinary 
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symmetry cannot be spontaneously broken in 2D. Beta function for the 
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sphere sigma model:
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Flows to strong coupling for 
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(so symmetry is restored)
But flows to weak coupling for 
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: symmetry is spontaneously broken.

This is realized in supersphere sigma models, ie models on 
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corresponds to polymer melts, or SAWs in a slab: 

Figure 1: A sample configuration of a dense loop soup where crossings are forbidden (left) or allowed
(right). For clarity, each loop has been given a di↵erent color: these colors do not form part of the
definition of the model.

matters—here, for instance, by investigating perturbation of logarithmic conformal field theory.
Remarkably, there exists a series of integrable vertex models known to be in the universality

class of the OSp(r|2s) supersphere sigma models for r � 2s < 2 [10, 11]. These models have edge
degrees of freedom taking values in the OSp(r|2s) fundamental representations, and are closely
associated with special points in the phase diagram of the dense loop model [1]. In the limit of
small spectral parameter, the transfer matrix of these vertex models gives rise to a spin chain
Hamiltonian acting on the tensor product of r + 2s dimensional representations.

Our strategy in this paper will be to study the weak-coupling physics of the supersphere sigma
models mostly by analyzing their integrable lattice regularizations using the Bethe ansatz technique.
We will also compare these results with those of (logarithmic) conformal perturbation theory.

It is important to stress that integrable spin chains are not usually associated with free Goldstone
theories such as the ones we will encounter below.1 The well known SU(2) spin-12 chain for instance
can be considered as a lattice regularization of the O(3) sigma model but with topological angle
✓ = ⇡, and bare coupling of order unity [12],[13]. It flows to strong coupling in the IR, with long-
distance conformal properties described by a level-one Wess-Zumino theory (thus with left and right
SU(2) current algebra symmetries). Here in contrast, the spin chains provide regularizations of
sigma models with no topological term, small bare coupling constants, flowing to weak coupling in
the IR, with long-distance properties described by free Goldstone CFTs where the OSp symmetry
is spontaneously broken.

The plan of the paper is as follows. We focus in the first section on OSp(1|2), a case which
has already been partly studied in [14]. We compute logarithmic corrections to the gaps directly
from the �-model Hamiltonian, and match them with the Bethe-ansatz results. The sigma model
analysis involves perturbation of a logarithmic CFT, which we compare with a discussion by Cardy
of logarithmic corrections in ordinary CFTs perturbed by marginal operators. We then move on to
study of the OSp(r|2) chains with r = 2, 3, 4 in the following three sections with a similar approach.
In the last section, we apply our results to the discussion of physical observables in dense loop soups.

1Note in particular that for r > 1 the associated CFTs will have non-compact degrees of freedom, even though
the spin chains have a finite number of states per site.
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 Another striking consequence is that criticality + Lie group symmetry does not result in
 current algebra symmetry (Affleck, Zirnbauer, Read Saleur)

 And of course RG can flow any odd way (entropy (Zamolodchikov) can decrease) etc.

(Jacobsen, Read, Saleur)

 “Targets” can be effectively unbounded



All this is good but only moderately exciting… 

It took a while for the community to realize the most striking 
consequence of the lack of unitarity

The best is now to think of CFT

Non-unitarity in CFT

 Conformal invariance is an incredibly powerful tool to understand and classify RG 
fixed points. Building on this and pertrubation theory/integrability, whole phase diagrams 
can be figured out etc.



 Conformal invariance works by studying the action of an infinite dimensional Lie algebra - the 
Virasoro algebra - on the space of states. It is essentially a representation theoretic tool (even if 
it can also be made to act on correlation functions etc).
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Vir

 Losing unitarity means states of zero-norm square are not necessarily zero. It also means, 
down the road, that the algebra is not semi-simple anymore. In fact, its representation theory 
is known to be wild. This opens the door  to the complex world of Logarithmic CFT (LCFT)

(Rozansky Saleur 1992; Gurarie 1993)
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Figure 5: Module structure over V(2) = V(2) ! V(2) for the vacuum sector H
+
0 (with zero sℓ(2)-

isospin) on the left diagram while the right one is for the doublet-sector H
−
1/2. Each node with a

coordinate (n̄, n′) is a simple subquotient over V(2) with the conformal weight (∆n′,1, ∆̄n,1). Vertical

arrows represent the action of the left Virasoro V(2) and horizontal arrows of the right Virasoro V(2).
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Figure 6: V(2)-module subquotient structure for the triplet-sector H
+
1 . Each node with a coordinate

(n̄, n′) is a simple subquotient over V(2) = V(2)!V(2) with the conformal weight (∆n′,1, ∆̄n,1). Vertical

arrows represent the action of the left Virasoro V(2) and horizontal arrows of the right Virasoro V(2).
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A small sector of the  
simplest known LCFT:

A typical unitary 
 rational CFT



Physics of nonhermitian degeneracies ∗)
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A summary, with references and additional comments, of a talk delivered at the Second
International Workshop on Pseudohermitian Hamiltonians in Quantum Physics (Prague,
14–16 June 2004). After explaining some general features of nonhermitian degeneracies
(‘exceptional points’), several applications are outlined: to multiple reflections in a pile of
plates, linewidths of unstable lasers, atom diffraction by light, and crystal optics.
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Key words: matrices, degeneracies, quantum

1 Introduction

Nonhermitian hamiltonians usually enter physics as a description of part of a
system, as a result of a decision not to incorporate all freedoms — for example
those describing dissipation. Examples are complex refractive indices in optics, and
complex potentials describing the scattering of electrons or X-rays, or by nuclei
(‘cloudy crystal ball’). Traditionally, the nonhermiticity has been regarded as a
perturbation, with the physics essentially unchanged from the hermitian case, ex-
cept for an exponential decay (for example during propagation through a crystal).
But nonhermitian physics differs radically from hermitian physics in the presence
of degeneracies, that is coalescences of eigenvalues. My aim here is to illustrate this
essentially nonhermitian behaviour with a series of examples, drawn from several
areas of physics, that I have encountered over the past decade (Sections 3–7), after
some general remarks (Section 2).

Professor Dieter Heiss and his colleagues have arrived at similar insights, and
this paper can be regarded as complementary to his [1]. A minor difference, of no
physical consequence, is that Heiss uses the term ‘exceptional points’, introduced
in an authoritative work by Kato [2] to denote what I call nonhermitian degen-
eracies. My opinion is that the term degeneracy is appropriate because it is well
established in mathematics as a label for any type of coalescence. Its applicability
to the nonhermitian case is further strengthened by the observation that here it is
not only the eigenvalues but also the eigenvectors that coalesce.

The examples I will give reflect my interests, so there is no attempt to be
comprehensive. And since all the work has been published already, I restrict myself
to a brief description of each case.

∗) Presented at the Second International Workshop on Pseudohermitian Hamiltonians in Quan-
tum Physics, Prague, Czech Republic, 14–16 June, 2004.
∗∗) http://www.physics.bristol.ac.uk/staff/berry mv.html

Czechoslovak Journal of Physics, Vol. 54 (2004), No. 10 1039



 Top down approaches - so successful in the unitary case (match “catalog” of possible CFTs 
with data)  - have failed. 

 Progress is coming largely from a bottom up approach, where much attention is paid to the
properties of finite lattice systems as well:  

the associative algebraic approach (Read Saleur 2007)

Note: the first examples of non-unitary CFTs turned out to be simple, and extremely atypical - like the  
Yang-Lee edge singularity (Cardy 1985).

This is part of a more general trend arising also in quantum information theory to understand how to build  
FTs on the lattice, in particular with quantum simulations in mind (Fendley et al., Vidal et al.)



Four point functions in percolation

let us now discuss an example of problem:
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The Potts model CFT
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 Lattice reminder: a model of clusters

 or equivalently a model of loops.  At criticality
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 Basic known things about the CFT: set

(ii) identifying non-isotopic (in the annulus) diagrams connecting the same sites.

(iii) setting uN = 1, which allows one to unwind through lines, and

h Explain item (ii) better

The first and second constraints are only relevant in the case j = 0. The first constraint leads to
z2 = q±2. In this case in fact, the a�ne TL module W0,q2 is reducible, and identifying non-isotopic
diagrams corresponds to the quotient W0,q2 of dimension

d0 = dim W0,q2 =

✓
N

N/2

◆
�

✓
N

N/2 + 1

◆
, (20)

This quotient is the standard module of JTLN (n) for j = 0.
Whenver j 6= 0, constraint (iii) leads to K = ⇡p/M where M |j and with a greatest common divisor

p ^ M = 1. The modules encountered so far are thus W0,q2 = W0,q�2 , and Wj,e2i⇡p/M , M |j.
On top of these modules, we will also need to consider the case where non-contractible loops are given

a vanishing weight, ensuring, in the cluster formulation, that there exists one cluster propagating along the
cylinder. This is easily accomplished by setting z = ±i, leading to W0,�1.

4.4 Exponents

The spectrum of the transfer matrix (or Hamiltonian) describing the connectivities in the geometrical
Q-state Potts model in the relevant modules of the a�ne Temperley-Lieb algebra is well known in the
conformal limit. Setting

H = ��
2LX

i=1

ei (21)

we define the generating function of levels (eigenenergies of H) and lattice momentum P as [10]

Tr e��R(H�N"0)e�i�IP N!1
����! Tr qL0�c/24q̄L̄0�c/24, (22)

Here "0 is the (non-universal) ground state energy per site in the thermodynamic limit, and we have set
q(q̄) = exp

⇥
�

2⇡

N
(�R ± i�I)

⇤
with �R,I real and �R > 0. N = 2L is the length of the chain (only even chains

are relevant in our problem). � is a known q dependent constant adjusted in such a way that the sound
velocity of the excitations is equal to one.

The generating function (22) calculated in the modules Wj,e2iK is

Fj,e2iK ⌘ TrWj,e2iK e��R(H�N"0)e�i�IP N!1
����!

q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

h
e+ K

⇡
,�j q̄

h
e+ K

⇡
,j , (23)

where

P (q) =
1Y

n=1

(1 � qn) = q�1/24⌘(q). (24)

In this equation we have parametrized the Potts model by
p

Q = 2 cos ⇡

m+1 , m 2 [1, 1]. The corresponding
central charge is

c = 1 �
6

m(m + 1)
(25)

and we also use conventions

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
(26)

It is convenient in the following to introduce g = m

m+1 and e0 = 1
m+1 .
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The functions P1, P2 and P3 are related to one another by permutations of their arguments,

P1(z1, z2, z3, z4) = P2(z1, z3, z2, z4) = P3(z1, z3, z4, z2) . (1.10)

Moreover, global conformal symmetry implies

Pσ

!"

azi + b

czi + d

#$

=
4
%

i=1

|czi + d|4∆(0,12 ) · Pσ({zi}) , (σ = 0, 1, 2, 3) . (1.11)

Since the group of global conformal transformations z → az+b
cz+d

is three-dimensional, it

determines the dependence of Pσ({zi}) on only three of its four variables. The remaining
fourth variable, which is invariant under these transformations, is the cross-ratio

z =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
. (1.12)

This is why four-point functions encode much more information than two- and three-point
functions.

We interpret the four-point connectivities Pσ as four-point functions of conformal
primary fields that all have dimensions ∆ = ∆̄ = ∆(0, 12 )

. Assuming local conformal sym-

metry, such four-point functions are combinations of Virasoro conformal blocks F (k)
∆ ({zi}),

R =
&

(∆,∆̄)∈S(k)

D(k)
∆,∆̄

F (k)
∆ ({zi})F (k)

∆̄
({z̄i}) , (k ∈ {s, t, u}) . (1.13)

The index k labels a channel, such that each formula for R is an expansion around a given

geometrical limit:

channel limit

s z1 → z2
t z1 → z4
u z1 → z3

(1.14)

Each term in the sum is the contribution of a primary state of left and right dimensions ∆

and ∆̄, plus its descendent states. The equality of the expressions for R in the s, t and u
channels is a constraint on the spectrums S(k) and on the structure constants D(k)

∆,∆̄
, called

crossing symmetry. The conformal bootstrap approach consists in solving this constraint.
(Consistency of the theory on a torus would lead to the further constraint of modular
invariance, which however applies to the complete spectrum of the theory, and does not

constrain our OPE spectrums S(k).)
In two-dimensional theories such as Virasoro minimal models, the spectrums are

known, and finite. The crossing symmetry equations can then be solved exactly, resulting
in analytic expressions for the structure constants [11]. On the other hand, in higher-

dimensional theories such as the three-dimensional Ising model, only some qualitative
features of the spectrums are known. Crossing symmetry can then be used for numerically
estimating a few of the infinitely many dimensions (∆, ∆̄), and the associated structure

constants [12, 13]. Here we will follow the intermediate approach of numerically estimating
a few structure constants, based on exact guesses for the spectrums.
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for generic values of c and ∆ (conformal blocks)

make a conjecture about the spectrum
observe the spectrum is the same in two (or three) of the three channels
solve crossing consistency conditions e.g. 

we hoped to build unitary theories, but unitary theories cannot exist for generic values of

c < 1 [11].

We are now ready to introduce our two main ansätze:

Spectrum Leading state Even spin?

S2Z,Z+ 1
2

(∆(0, 12 )
,∆(0, 12 )

) No

S2Z,Z (∆(0,0),∆(0,0)) Yes

(2.5)

Our main motivation for S2Z,Z+ 1
2
is that it has the desired leading state. An additional

motivation for both ansätze is that for q = 4, these spectrums are known to occur in four-

point functions of the type of Pσ. Such four-point functions have indeed been computed
in the Ashkin–Teller model, of which the four-state Potts model is a special case [15].

Moreover, the dimensions ∆(0,Z+ 1
2
) correspond to the magnetic series identified in [16–18],

and the spectrum S2Z,Z+ 1
2
appear in the partition functions discussed in [19].

2.2 Structure constants

Let us assume that we have the same known spectrum S(s) = S(t) = S in the s- and
t-channels, with the same unknown structure constants D(s)

∆,∆̄
= D(t)

∆,∆̄
= D∆,∆̄. Let us

determine these structure constants using the crossing symmetry equation

!

(∆,∆̄)∈S

D∆,∆̄

"

F (s)
∆ ({zi})F (s)

∆̄
({z̄i})− F (t)

∆ ({zi})F (t)
∆̄
({z̄i})

#

= 0 . (2.6)

This sum typically converges fast when the total dimension ∆ + ∆̄ increases. So let us

truncate the spectrum, and consider the subspectrum S(N) made of the N states with
the lowest total dimensions. Normalizing the leading state structure constant to one, we
determine the remaining N − 1 structure constants of S(N) by randomly choosing N − 1

values of the positions {zi}. We call the spectrum consistent if the resulting structure
constants are independent from the choice of {zi} in the limit N → ∞. In practice,

we randomly choose 10 values of {zi}, and compute the mean D∆,∆̄(N) and coefficient
of variation c∆,∆̄(N) of each structure constant. The structure constants D∆,∆̄ are then

D∆,∆̄ = lim
N→∞

D∆,∆̄(N). For consistent spectrums, we find c∆,∆̄(N ∼ 20) < 10−5 for

the first few structure constants. The precision of our conformal bootstrap has been
evaluated also by testing it with the generalized minimal model correlation functions

whose structure constants are known and given by Dotsenko-Fateev Coulomb gas integrals
[20]. For inconsistent spectrums, we typically find c∆,∆̄(N) > 10−2 for all N and all

structure constants.

2.3 Results

For all values of c that obey (2.4), we find that the spectrum S2Z,Z+ 1
2
is consistent. For

example, at c = 0, let us display the first 9 states in this spectrum, together with the
values of their conformal dimensions, of their structure constants, and of the coefficients
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Let us now insert the OPE in a four-point function of primary fields:
!

V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆1,∆2,∆|z|
2(∆−∆1−∆2)

×
$!

V∆(0)V∆3
(∞)V∆4

(1)
"

+O(z)
%

, (3.12)

=
#

∆∈S

C∆1,∆2,∆C∆,∆3,∆4
|z|2(∆−∆1−∆2)

$

1 +O(z)
%

. (3.13)

The contributions of descendents factorize into those of left-moving descendents, generated
by the operators Ln<0, and right-moving descendents, generated by L̄n<0. So the last
factor has a holomorphic factorization such that
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V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆1,∆2,∆C∆,∆3,∆4
F (s)

∆ (z)F (s)
∆ (z̄) . (3.14)

Definition 3.7 (Conformal block)
The four-point conformal block on the sphere,

F (s)
∆ (z) = z∆−∆1−∆2

$

1 +O(z)
%

, (3.15)

is the normalized contribution of the Verma module V∆ to a four-point function, obtained
by summing over left-moving descendents. Its dependence on c,∆1,∆2,∆3,∆4 are kept
implicit. The label (s) stands for for s-channel, we will soon see what this means.

Conformal blocks are in principle known, as they are universal functions, entirely deter-
mined by conformal symmetry. This is analogous to characters of representations, also
known as zero-point conformal blocks on the torus.

Exercise 3.8 (Computing conformal blocks)

Compute the conformal block F (s)
∆ (z) up to the order O(z), and find

F (s)
∆ (z) = z∆−∆1−∆2

&

1 +
(∆ +∆1 −∆2)(∆+∆4 −∆3)

2∆
z +O(z2)

'

. (3.16)

Show that the first-order term has a pole when the Verma module V∆ has a null vector
at level one. Compute the residue of this pole. Compare the condition that this residue
vanishes with the condition (2.26) that three-point functions involving V⟨1,1⟩ exist.

Our axiom 2.7 on the commutativity of fields implies that the OPE is associative, and
that we can use the OPE of any two fields in a four-point function. In particular, using
the OPE of the first and fourth fields, we obtain

!

V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆,∆1,∆4
C∆2,∆3,∆F

(t)
∆ (z)F (t)

∆ (z̄) , (3.17)

where F (t)
∆ (z) = (z−1)∆−∆1−∆4

$

1+O(z−1)
%

is a t-channel conformal block. The equality

of our two decompositions (3.14) and (3.17) of the four-point function is called crossing
symmetry, schematically

#

∆s∈S

C12sCs34

2
s

3

1 4

=
#

∆t∈S

C23tCt41

2

t

1

3

4

. (3.18)
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The unknowns are the values of          (the spectrum). The functions             are (more or less)determined by  
general principles        

The functions P1, P2 and P3 are related to one another by permutations of their arguments,

P1(z1, z2, z3, z4) = P2(z1, z3, z2, z4) = P3(z1, z3, z4, z2) . (1.10)

Moreover, global conformal symmetry implies

Pσ

!"

azi + b

czi + d

#$

=
4
%

i=1

|czi + d|4∆(0,12 ) · Pσ({zi}) , (σ = 0, 1, 2, 3) . (1.11)

Since the group of global conformal transformations z → az+b
cz+d

is three-dimensional, it

determines the dependence of Pσ({zi}) on only three of its four variables. The remaining
fourth variable, which is invariant under these transformations, is the cross-ratio

z =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
. (1.12)

This is why four-point functions encode much more information than two- and three-point
functions.

We interpret the four-point connectivities Pσ as four-point functions of conformal
primary fields that all have dimensions ∆ = ∆̄ = ∆(0, 12 )

. Assuming local conformal sym-

metry, such four-point functions are combinations of Virasoro conformal blocks F (k)
∆ ({zi}),

R =
&

(∆,∆̄)∈S(k)

D(k)
∆,∆̄

F (k)
∆ ({zi})F (k)

∆̄
({z̄i}) , (k ∈ {s, t, u}) . (1.13)

The index k labels a channel, such that each formula for R is an expansion around a given

geometrical limit:

channel limit

s z1 → z2
t z1 → z4
u z1 → z3

(1.14)

Each term in the sum is the contribution of a primary state of left and right dimensions ∆

and ∆̄, plus its descendent states. The equality of the expressions for R in the s, t and u
channels is a constraint on the spectrums S(k) and on the structure constants D(k)

∆,∆̄
, called

crossing symmetry. The conformal bootstrap approach consists in solving this constraint.
(Consistency of the theory on a torus would lead to the further constraint of modular
invariance, which however applies to the complete spectrum of the theory, and does not

constrain our OPE spectrums S(k).)
In two-dimensional theories such as Virasoro minimal models, the spectrums are

known, and finite. The crossing symmetry equations can then be solved exactly, resulting
in analytic expressions for the structure constants [11]. On the other hand, in higher-

dimensional theories such as the three-dimensional Ising model, only some qualitative
features of the spectrums are known. Crossing symmetry can then be used for numerically
estimating a few of the infinitely many dimensions (∆, ∆̄), and the associated structure

constants [12, 13]. Here we will follow the intermediate approach of numerically estimating
a few structure constants, based on exact guesses for the spectrums.

– 3 –

The functions P1, P2 and P3 are related to one another by permutations of their arguments,

P1(z1, z2, z3, z4) = P2(z1, z3, z2, z4) = P3(z1, z3, z4, z2) . (1.10)

Moreover, global conformal symmetry implies

Pσ

!"

azi + b

czi + d

#$

=
4
%

i=1

|czi + d|4∆(0,12 ) · Pσ({zi}) , (σ = 0, 1, 2, 3) . (1.11)

Since the group of global conformal transformations z → az+b
cz+d

is three-dimensional, it

determines the dependence of Pσ({zi}) on only three of its four variables. The remaining
fourth variable, which is invariant under these transformations, is the cross-ratio

z =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
. (1.12)

This is why four-point functions encode much more information than two- and three-point
functions.

We interpret the four-point connectivities Pσ as four-point functions of conformal
primary fields that all have dimensions ∆ = ∆̄ = ∆(0, 12 )

. Assuming local conformal sym-

metry, such four-point functions are combinations of Virasoro conformal blocks F (k)
∆ ({zi}),

R =
&

(∆,∆̄)∈S(k)

D(k)
∆,∆̄

F (k)
∆ ({zi})F (k)

∆̄
({z̄i}) , (k ∈ {s, t, u}) . (1.13)

The index k labels a channel, such that each formula for R is an expansion around a given

geometrical limit:

channel limit

s z1 → z2
t z1 → z4
u z1 → z3

(1.14)

Each term in the sum is the contribution of a primary state of left and right dimensions ∆

and ∆̄, plus its descendent states. The equality of the expressions for R in the s, t and u
channels is a constraint on the spectrums S(k) and on the structure constants D(k)

∆,∆̄
, called

crossing symmetry. The conformal bootstrap approach consists in solving this constraint.
(Consistency of the theory on a torus would lead to the further constraint of modular
invariance, which however applies to the complete spectrum of the theory, and does not

constrain our OPE spectrums S(k).)
In two-dimensional theories such as Virasoro minimal models, the spectrums are

known, and finite. The crossing symmetry equations can then be solved exactly, resulting
in analytic expressions for the structure constants [11]. On the other hand, in higher-

dimensional theories such as the three-dimensional Ising model, only some qualitative
features of the spectrums are known. Crossing symmetry can then be used for numerically
estimating a few of the infinitely many dimensions (∆, ∆̄), and the associated structure

constants [12, 13]. Here we will follow the intermediate approach of numerically estimating
a few structure constants, based on exact guesses for the spectrums.

– 3 –

The bootstrap strategy

 Conformal invariance restricts the form of four point functions of local fields:

Wilson’s OPE



 The question is, what is the spectrum? What is the OPE with itself of the most important field in 
percolation? Once again, top down guesses have not worked  

(Picco, Ribault, Santachiara; Delfino Viti; Dotsenko)

What’s the spectrum?
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Ĉ(↵̂1, ↵̂2, 0) 6= 0

Ĉ(↵̂, 0, 0) 6= 0

Pabab

Pabba

1

P (1, 2, 3) =
Ch1/2,0,h1/2,0,h1/2,0

|z12z13z23|2h1/2,0

h1/2,0 =
5

96

ZPotts =
X

{�i}

Y

<jk>

eK�(�i,�j), �i = 1, . . . , Q

ZFK =
X

C
(eK � 1)BQC

ZLoops = (
p

Q)S
X

P
(
p

Q)L

n =
p

Q
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 A few more details



what it means:
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Let us now insert the OPE in a four-point function of primary fields:
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V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆1,∆2,∆|z|
2(∆−∆1−∆2)

×
$!

V∆(0)V∆3
(∞)V∆4

(1)
"

+O(z)
%

, (3.12)

=
#

∆∈S

C∆1,∆2,∆C∆,∆3,∆4
|z|2(∆−∆1−∆2)

$

1 +O(z)
%

. (3.13)

The contributions of descendents factorize into those of left-moving descendents, generated
by the operators Ln<0, and right-moving descendents, generated by L̄n<0. So the last
factor has a holomorphic factorization such that

!

V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆1,∆2,∆C∆,∆3,∆4
F (s)

∆ (z)F (s)
∆ (z̄) . (3.14)

Definition 3.7 (Conformal block)
The four-point conformal block on the sphere,

F (s)
∆ (z) = z∆−∆1−∆2

$

1 +O(z)
%

, (3.15)

is the normalized contribution of the Verma module V∆ to a four-point function, obtained
by summing over left-moving descendents. Its dependence on c,∆1,∆2,∆3,∆4 are kept
implicit. The label (s) stands for for s-channel, we will soon see what this means.

Conformal blocks are in principle known, as they are universal functions, entirely deter-
mined by conformal symmetry. This is analogous to characters of representations, also
known as zero-point conformal blocks on the torus.

Exercise 3.8 (Computing conformal blocks)

Compute the conformal block F (s)
∆ (z) up to the order O(z), and find

F (s)
∆ (z) = z∆−∆1−∆2

&

1 +
(∆ +∆1 −∆2)(∆+∆4 −∆3)

2∆
z +O(z2)

'

. (3.16)

Show that the first-order term has a pole when the Verma module V∆ has a null vector
at level one. Compute the residue of this pole. Compare the condition that this residue
vanishes with the condition (2.26) that three-point functions involving V⟨1,1⟩ exist.

Our axiom 2.7 on the commutativity of fields implies that the OPE is associative, and
that we can use the OPE of any two fields in a four-point function. In particular, using
the OPE of the first and fourth fields, we obtain

!

V∆1
(z)V∆2

(0)V∆3
(∞)V∆4

(1)
"

=
#

∆∈S

C∆,∆1,∆4
C∆2,∆3,∆F

(t)
∆ (z)F (t)

∆ (z̄) , (3.17)

where F (t)
∆ (z) = (z−1)∆−∆1−∆4

$

1+O(z−1)
%

is a t-channel conformal block. The equality

of our two decompositions (3.14) and (3.17) of the four-point function is called crossing
symmetry, schematically

#
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s
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1 4

=
#

∆t∈S

C23tCt41
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t

1

3

4
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Claim: we know the spectrum S exactly 

The strategy: a mixture of representation theory 
and numerics



 Study problem on a cylinder

where (�, �̄ are the conformal weights of the primary fields appearing in the operator product expansion
relevant at small z, that is when z1 ! z2 and z3 ! z4: this is called the s-channel. We can of course write

G(z, z̄) =
X

�,�̄2S

C�1�2���̄
C���̄�3�4z

(��h1�h2)z̄�̄�h̄1�h̄2 [1 + O(z, z̄)] (6)

The key question we want to address in this paper is the set S of values of �, �̄, which we will tackle
in part by a brute force numerical determination of a (very) large number of terms appearing in the right
hand side of (6). Note that the determination of the set S from the knowledge of these terms will only
be fully possible in “generic” cases, where none of the �, �̄ di↵er by integers. Otherwise, there will be
ambiguities, as a term such as � + n, �̄ + n̄ (with n, n̄ integer) may arise from a genuine primary field, or
from a Virasoro descendent of some primary field with weights � + p, �̄ + p̄, p < n or p̄ < n̄.

Our strategy is to study the expansion (6) on the cylinder, where we will be able to use, on the numerical
side, transfer matrix techniques, and, on the analytic side, algebraic results. The four point function on
the cylinder follows from (1) via the conformal map w = L

2⇡
ln z. Using the fact that the fields are primary,

and restricting to i = j = k = l for simplicity, we find

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =

✓
2⇡

L

◆4(h+h̄) 1
��4 sinh ⇡w13

L
sinh ⇡w24

L

��2(h+h̄)
G(w, w̄) (7)

where now we must set

w =
sinh ⇡w12

L
sinh ⇡w34

L

sinh ⇡w13
L

sinh ⇡w24
L

(8)

Using (6) we can write this as

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =

✓
2⇡

L

◆4(h+h̄) 1

|4 sinh ⇡w12
L

sinh ⇡w34
L

|2(h+h̄)

X

�,�̄2S

C�����̄
C���̄��

"✓
sinh ⇡w12

L
sinh ⇡w34

L

sinh ⇡w13
L

sinh ⇡w24
L

◆�✓ sinh ⇡w̄12
L

sinh ⇡w̄34
L

sinh ⇡w̄13
L

sinh ⇡w̄24
L

◆�̄

+ O(w, w̄)

#
(9)

In practice we will take the points w1, w2 on a given slice of imaginary time, and w3, w4 on another, distant,
slice along the cylinder. In other words, w12 and w34 will be fixed, while w13 and w24 will be large and
vary. In this limit, it will then be possible to compare the expansion (9) with the results of transfer matrix
calculations, and identify, in particular, the set S.

Let us now be more precise. We set

w1 = ia, w2 = �ia

w3 = i(a + x) + l, w4 = i(�a + x) + l (10)

which means the points w1,2 and w3,4 are distant from a on the vertical axis, l is the horizontal distance
(imaginary time) between the two groups, and on top of this we have the center of mass of w3,4 shifted by
x. A short calculation then gives

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =

✓
2⇡

L

◆4(h+h̄)

e�8⇡hl/L

⇣
1 � e�2⇡(l+ix)/L

⌘�4h ⇣
1 � e�2⇡(l�ix)/L

⌘�4h

G

 
4ei⇡ sin2 2⇡a

L
e�2⇡(l+ix)/L

(1 � e�2⇡(l+ix)/L)2
,
4e�i⇡ sin2 2⇡a

L
e�2⇡(l�ix)/L

(1 � e�2⇡(l�ix)/L)2

!
(11)

We can then expand this from (6):

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =

✓
2⇡

L

◆4(h+h̄) 1

(4 sin2 2⇡a

L
)4h

X

�,�̄2S

C�����̄
C���̄��

✓
4 sin2 2⇡a

L

◆�+�̄

(�1)���̄⇠�⇠̄�̄[1 + O(⇠, ⇠̄)] (12)

3

where we have set
⇠ ⌘ e�2⇡(l+ix)/L, ⇠̄ ⌘ e�2⇡(l�ix)/L (13)

The bracket [1 + O(⇠, ⇠̄)] contains now contributions from the conformal blocks and contributions from the
hyperbolic functions in the conformal map.

The expansion (12) is the crucial tool we will use systematically in our analysis below. The general
strategy will be to calculate the four point function numerically on the cylinder, and extract from our data
an expansion in powers of eigenvalues of the transfer matrix. We will then identify terms ⇠�⇠̄�̄ with powers
of the transfer matrix eigenvalues, and exponentials of the lattice momentum operator. This will give us
access to the set S as well as the coupling constants C�����̄

. In the following, we will sometimes use the
short hand notation

A���̄
⌘ C�����̄

C���̄�� (14)

We now discuss this in more detail.
Remark: We also see that if we exchange w1 and w2 in (9), the leading contributions for a given �, �̄ is

multiplied by (�1)���̄. Hence primary fields with odd integer spin should contribute an opposite weight.
This means for instance that in the numerical analysis below, we should have:

� � �̄ = even in S part

� � �̄ = odd in A part (15)

For future reference, the definition of the channels is

s z1 ! z2

t z1 ! z4

u z1 ! z3 (16)

Clearly, Paaaa should have the same spectrum (and structure constants) in all channels. Paabb should have
the same spectrum (and structure constants) in the s- and t-channels, while the spectrum should be di↵erent
in the u-channel.

4.2 The numerical algorithm

h To be written...

4.3 The transfer matrix sectors

Contrarily to what is implied in [4], the exponents of percolation are essentially known. They can easily be
associated with “sectors” of the transfer matrix, a fact that is better explained using an algebraic language.
The underlying object of interest here is the a�ne Temperley-Lieb algebra.

The Temperley-Lieb algebra has a long history and is deeply associated with work on the Potts model
[11, 12].

h Jesper, want to write something?

h The important distinction between clusters and lines. Maybe describe both ways to think of TL?

The Temperley-Lieb algebra per se is associated with the Potts model on a strip - ie with open bound-
aries. It is well known how a very similar object is relevant to the description of models on a cylinder - ie
with periodic boundary conditions. All one needs to do is add a last generator “closing” the system, eN ,
and define the labels modulo N so that eN+1 = e1, eNe1eN = e1, etc. This natural generalization however
takes one into a sticky mathematical problem: the corresponding algebra is then infinite dimensional, even
for finite N . In a nutshell, this occurs because of through lines or loops that can wind around the system.
While what must be done with these objects is clear in the Potts model itself, this requires extra information
that is not present in the definition of the “periodicized” Temperley-Lieb algebra. This extra information
takes the mathematical form of “quotients”.
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 Study problem on a cylinder

where (�, �̄ are the conformal weights of the primary fields appearing in the operator product expansion
relevant at small z, that is when z1 ! z2 and z3 ! z4: this is called the s-channel. We can of course write

G(z, z̄) =
X

�,�̄2S

C�1�2���̄
C���̄�3�4z

(��h1�h2)z̄�̄�h̄1�h̄2 [1 + O(z, z̄)] (6)

The key question we want to address in this paper is the set S of values of �, �̄, which we will tackle
in part by a brute force numerical determination of a (very) large number of terms appearing in the right
hand side of (6). Note that the determination of the set S from the knowledge of these terms will only
be fully possible in “generic” cases, where none of the �, �̄ di↵er by integers. Otherwise, there will be
ambiguities, as a term such as � + n, �̄ + n̄ (with n, n̄ integer) may arise from a genuine primary field, or
from a Virasoro descendent of some primary field with weights � + p, �̄ + p̄, p < n or p̄ < n̄.

Our strategy is to study the expansion (6) on the cylinder, where we will be able to use, on the numerical
side, transfer matrix techniques, and, on the analytic side, algebraic results. The four point function on
the cylinder follows from (1) via the conformal map w = L

2⇡
ln z. Using the fact that the fields are primary,

and restricting to i = j = k = l for simplicity, we find

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =

✓
2⇡

L

◆4(h+h̄) 1
��4 sinh ⇡w13

L
sinh ⇡w24

L

��2(h+h̄)
G(w, w̄) (7)

where now we must set

w =
sinh ⇡w12

L
sinh ⇡w34

L

sinh ⇡w13
L

sinh ⇡w24
L

(8)

Using (6) we can write this as

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =
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+ O(w, w̄)

#
(9)

In practice we will take the points w1, w2 on a given slice of imaginary time, and w3, w4 on another, distant,
slice along the cylinder. In other words, w12 and w34 will be fixed, while w13 and w24 will be large and
vary. In this limit, it will then be possible to compare the expansion (9) with the results of transfer matrix
calculations, and identify, in particular, the set S.

Let us now be more precise. We set

w1 = ia, w2 = �ia

w3 = i(a + x) + l, w4 = i(�a + x) + l (10)

which means the points w1,2 and w3,4 are distant from a on the vertical axis, l is the horizontal distance
(imaginary time) between the two groups, and on top of this we have the center of mass of w3,4 shifted by
x. A short calculation then gives

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =
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G

 
4ei⇡ sin2 2⇡a

L
e�2⇡(l+ix)/L

(1 � e�2⇡(l+ix)/L)2
,
4e�i⇡ sin2 2⇡a

L
e�2⇡(l�ix)/L

(1 � e�2⇡(l�ix)/L)2

!
(11)

We can then expand this from (6):

h�(w1, w̄1)�(w2, w̄2)�(w3, w̄3)�(w4, w̄4)icyl =
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L
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3

where we have set
⇠ ⌘ e�2⇡(l+ix)/L, ⇠̄ ⌘ e�2⇡(l�ix)/L (13)

The bracket [1 + O(⇠, ⇠̄)] contains now contributions from the conformal blocks and contributions from the
hyperbolic functions in the conformal map.

The expansion (12) is the crucial tool we will use systematically in our analysis below. The general
strategy will be to calculate the four point function numerically on the cylinder, and extract from our data
an expansion in powers of eigenvalues of the transfer matrix. We will then identify terms ⇠�⇠̄�̄ with powers
of the transfer matrix eigenvalues, and exponentials of the lattice momentum operator. This will give us
access to the set S as well as the coupling constants C�����̄

. In the following, we will sometimes use the
short hand notation

A���̄
⌘ C�����̄

C���̄�� (14)

We now discuss this in more detail.
Remark: We also see that if we exchange w1 and w2 in (9), the leading contributions for a given �, �̄ is

multiplied by (�1)���̄. Hence primary fields with odd integer spin should contribute an opposite weight.
This means for instance that in the numerical analysis below, we should have:

� � �̄ = even in S part

� � �̄ = odd in A part (15)

For future reference, the definition of the channels is

s z1 ! z2

t z1 ! z4

u z1 ! z3 (16)

Clearly, Paaaa should have the same spectrum (and structure constants) in all channels. Paabb should have
the same spectrum (and structure constants) in the s- and t-channels, while the spectrum should be di↵erent
in the u-channel.

4.2 The numerical algorithm

h To be written...

4.3 The transfer matrix sectors

Contrarily to what is implied in [4], the exponents of percolation are essentially known. They can easily be
associated with “sectors” of the transfer matrix, a fact that is better explained using an algebraic language.
The underlying object of interest here is the a�ne Temperley-Lieb algebra.

The Temperley-Lieb algebra has a long history and is deeply associated with work on the Potts model
[11, 12].

h Jesper, want to write something?

h The important distinction between clusters and lines. Maybe describe both ways to think of TL?

The Temperley-Lieb algebra per se is associated with the Potts model on a strip - ie with open bound-
aries. It is well known how a very similar object is relevant to the description of models on a cylinder - ie
with periodic boundary conditions. All one needs to do is add a last generator “closing” the system, eN ,
and define the labels modulo N so that eN+1 = e1, eNe1eN = e1, etc. This natural generalization however
takes one into a sticky mathematical problem: the corresponding algebra is then infinite dimensional, even
for finite N . In a nutshell, this occurs because of through lines or loops that can wind around the system.
While what must be done with these objects is clear in the Potts model itself, this requires extra information
that is not present in the definition of the “periodicized” Temperley-Lieb algebra. This extra information
takes the mathematical form of “quotients”.
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becomes after logarithmic mapping (from  
plane to cylinder) (Cardy 1986)
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Ĉ(↵̂, 0, 0) 6= 0

Pabab

Pabba

Paabb

Paaaa

� ⌘ h1/2,0

s t u

Paabb S0 SZ+1/2,2Z SZ+1/2,2Z
Pabab SZ+1/2,2Z SZ+1/2,2Z S0

Pabba SZ+1/2,2Z S0 SZ+1/2,2Z

(1)

Pabab / |z13z24|�4�
Gabab(z, z̄), z ⌘ z12z34

z13z24

Gabab(z, z̄) =
X

h,h̄2S

C���h,h̄
C�h,h̄��F

(s)
h (z)F (s)

h̄ (z̄)

Gabab(z, z̄) ⇡ |z|�4�
X

h,h̄2S

C���h,h̄
C�h,h̄�z

h
z̄
h̄(1 +O(z, z̄))

Pabab /
X

h,h̄2S

C���h,h̄
C�h,h̄�

✓
4 sin2

2⇡a

L

◆h+h̄

(�1)h�h̄
⇠
h
⇠̄
h̄(1 +O(⇠, ⇠̄))

� = exp
h
�2

⇡

L
(h+ h̄

i

P =
2⇡

L
(h� h̄) 2 Z

�
l
e
�iPx

1

the usual contribution from 
transfer matrix eigenvalues :

the amplitude corrected by logarithmic mapping



 Strategy is brutal:

• calculate the probabilities numerically to arbitrary precision for many  
values of the distance between the two sets of points (using exact enumeration 
and transfer matrix techniques)

• choose L 

• determine for L all possible eigenvalues of the transfer matrix

• invert the system to determine all coefficients of                 for all 
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• determine which critical exponents are associated with them

• extract the amplitudes (estimated for a given L)

• do it for as many L as possible

• extrapolate
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a crucial step whose answer involves subtle representation theory as the number 
of sectors involved is very large, since the transfer matrix is a subtle, non-local object
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the basic object is the  
affine Temperley Lieb algebra
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1 i i+ 1
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N

Figure 2. The diagrammatic representation of ei.

=

Figure 3. The diagrammatic version of the relation eiei+1ei = ei.

Beijing, 2011 where some of our results (those on the direct limit of finite TL categories
and the relation to the Virasoro algebra) were presented.

2. Fusion in TL-mod categories

The (finite) Temperley–Lieb (TL) algebra TLN(m) is an associative algebra over C
generated by unit 1 and ej, with 1  j  N � 1, satisfying the defining relations

e
2
j = mej,

ejej±1ej = ej,(2.1)

ejek = ekej (j 6= k, k ± 1).

This algebra has a well-known faithful diagrammatical representation in terms of non-
crossing pairings on a rectangle with N points on each of the opposite sides. Multipli-
cation is performed by placing two rectangles on top of each other, and replacing any
closed loops by a factor m. While the identity corresponds to the diagram in which each
point is directly connected to the point above it, the generator ei is represented by the
diagram, see Fig. 2, where the points i on both sides of the rectangle are connected to the
point i+1 on the same side, all other points being connected like in the identity diagram.
The defining relations are easily checked by using isotopy ambient on the boundary of
the rectangle, see Fig. 3.
We will often omit mentioning the parameter m and write simply TLN as the replace-

ment for TLN(m).

2.1. Towers of the TL algebras. The important ingredient of our constructions below
are towers of the TL algebras. In terms of the diagrams, we can naturally construct two
kinds of towers.

• The first one is standard, it uses the standard embeddings of the algebras:

(2.2) TLN
◆����! TLN+1
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with the well known 
graphical representation

L

for instance the second relation  
becomes

(recall loops are cluster boundaries)

is infinite dimensional even in finite size

Figure 9: A pair of non contractible loops (a percolation ‘hull’) winding around the axis of the
cylinder.

where the labels are shown on Fig. 8. Consider for instance a diagram such as the one shown on
figure 8(b). The contraction of the lines forces d1 = d2 (while of course c3 = c1 and c4 = c2). For
each such diagram, the insertion of 1 − δδ in the two point function subtracts the diagram where
the lines are contracted in r⃗2. The sum over the labels with the (−1)|d1| inserted gives the loop thus
formed a weight equal to one, so, summing over the rest of the system, the contributions arising from
Figs. 8(b) and 8(c) exactly cancel out. Similar reasonings show that the only diagrams that survive
the sum are those where the lines in r⃗1, r⃗2 are never contracted as in 8(a) but simply go through the
system. This means in turn that the two points belong to the hull of the infinite percolation cluster.

It is convenient to think of this after a conformal map onto the cylinder. Two point functions are
then evaluated in the transfer matrix language. By translation invariance, we see that the eigenvalue in
the sector with 2k through lines should then give the exponent (hk, hk), i.e., zero spin and hk = 4k2−1

24 .
It is also clear that lines connecting r⃗1, r⃗2 can obviously wind around the axis. On the other hand,
it is well known, within the Coulomb gas formalism, that primary fields can be obtained, for a given
number of through lines, by inserting at either extremity of the cylinder additional charges, whose
effect is to give an additional phase factor z±1 for every line going clockwise/counterclockwise like in
Fig. 9.

Setting
z = eiπα (2.15)

the critical exponents for configurations of 2k through lines are then

hk(α) =
(3α − 2k)2 − 1

24
, h̄k(α) =

(3α + 2k)2 − 1

24
. (2.16)

A given value of z leads to many choices for α mod 1 (the sign of z is not relevant since in the model
only pairs of lines propagate), and all the corresponding operators are present in the spectrum.

Another important fact, which occurs only for the percolation model, is that it is impossible to
define higher Ok operators without some amount of ‘mixing’ with lower ones. This is because of the
fact that the object preventing contractions among three lines:

X3 = ei + ei+1 − eiei+1 − ei+1ei (2.17)

while it obeys indeed

X3ei = eiX3 = 0,

X3ei+1 = ei+1X3 = 0 (2.18)

14

: this is due to non-contractible objects such as 



The results are scary

(ii) identifying non-isotopic (in the annulus) diagrams connecting the same sites.

(iii) setting uN = 1, which allows one to unwind through lines, and

h Explain item (ii) better

The first and second constraints are only relevant in the case j = 0. The first constraint leads to
z2 = q±2. In this case in fact, the a�ne TL module W0,q2 is reducible, and identifying non-isotopic
diagrams corresponds to the quotient W0,q2 of dimension

d0 = dim W0,q2 =

✓
N

N/2

◆
�

✓
N

N/2 + 1

◆
, (20)

This quotient is the standard module of JTLN (n) for j = 0.
Whenver j 6= 0, constraint (iii) leads to K = ⇡p/M where M |j and with a greatest common divisor

p ^ M = 1. The modules encountered so far are thus W0,q2 = W0,q�2 , and Wj,e2i⇡p/M , M |j.
On top of these modules, we will also need to consider the case where non-contractible loops are given

a vanishing weight, ensuring, in the cluster formulation, that there exists one cluster propagating along the
cylinder. This is easily accomplished by setting z = ±i, leading to W0,�1.

4.4 Exponents

The spectrum of the transfer matrix (or Hamiltonian) describing the connectivities in the geometrical
Q-state Potts model in the relevant modules of the a�ne Temperley-Lieb algebra is well known in the
conformal limit. Setting

H = ��
2LX

i=1

ei (21)

we define the generating function of levels (eigenenergies of H) and lattice momentum P as [10]

Tr e��R(H�N"0)e�i�IP N!1
����! Tr qL0�c/24q̄L̄0�c/24, (22)

Here "0 is the (non-universal) ground state energy per site in the thermodynamic limit, and we have set
q(q̄) = exp

⇥
�

2⇡

N
(�R ± i�I)

⇤
with �R,I real and �R > 0. N = 2L is the length of the chain (only even chains

are relevant in our problem). � is a known q dependent constant adjusted in such a way that the sound
velocity of the excitations is equal to one.

The generating function (22) calculated in the modules Wj,e2iK is

Fj,e2iK ⌘ TrWj,e2iK e��R(H�N"0)e�i�IP N!1
����!

q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

h
e+ K

⇡
,�j q̄

h
e+ K

⇡
,j , (23)

where

P (q) =
1Y

n=1

(1 � qn) = q�1/24⌘(q). (24)

In this equation we have parametrized the Potts model by
p

Q = 2 cos ⇡

m+1 , m 2 [1, 1]. The corresponding
central charge is

c = 1 �
6

m(m + 1)
(25)

and we also use conventions

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
(26)

It is convenient in the following to introduce g = m

m+1 and e0 = 1
m+1 .
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all primary fields 
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The crosses are the exponents in the bootstrap approach considered so far (Picco Ribault Santchiara, Ribault Saleur). Note how dots
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r

s

analysis—corroborated by the solvability of a few special cases (see Appendix B)—will then lead to the
results that we give in section 5.

The local FK connectivities in the geometrical Potts model and their evolution along the cylinder are
described by a transfer matrix or, in the familiar extreme anisotropic limit, a Hamiltonian. Both transfer
matrix and Hamiltonian exhibit the same conformal content—that is, eigenstates associated with local CFT
operators, and the corresponding conformal weights h, h̄, together with their multiplicities. It is convenient
to encode the latter into spectrum generating functions. Using for instance the Hamiltonian language and
setting

H = ��
2LX

i=1

ei , (35)

with � adjusted so that the sound velocity is unity as usual, we define the generating function of levels
(eigenenergies of H) and lattice momentum P as as traces of lattice operators, with the scaling limit [10]

Tr
h
e��R(H�N"0)e�i�IP

i
scaling

�����! Tr qL0�c/24q̄L̄0�c/24 . (36)

Here "0 is the (non-universal) ground state energy per site in the limit N ! 1. The scaling limit is defined
by taking N, �R, �I ! 1 while keeping the modular parameters4 q(q̄) = exp

⇥
�

2⇡

N
(�R ± i�I)

⇤
(with �R,I

real and �R > 0) finite. The parameters �R and �I define the size of the system in the two principal
directions of the torus, while the trace ensures the periodic boundary conditions in the imaginary time
direction. We recall that N = 2L is the number of sites in the system, often referred to as the length of the
spin chain in the Hamiltonian limit. In other words, only even chains are relevant in our problem. On the
right-hand side of (36), L0 and L̄0 are of course Virasoro generators, while c denotes the central charge.

The generating function (36) calculated in the modules Wj,e2iK is [33, 10]

Fj,e2iK ⌘ TrWj,e2iK

h
e��R(H�N"0)e�i�IP

i
scaling

�����!
q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

h
e+ K

⇡
,�j q̄

h
e+ K

⇡
,j , (37)

where

P (q) =
1Y

n=1

(1 � qn) = q�1/24⌘(q) (38)

is the (inverse of) the generating function for integer partitions, and ⌘(q) is Dedekind’s eta function. Instead
of (4) we shall find it convenient to parameterise the number of states in the Potts model by

p
Q = 2 cos

✓
⇡

m + 1

◆
, with m 2 [1, 1] , (39)

so that q = e
i⇡

m+1 . Note that to access the generic case (q not a root of unity) we do not restrict m to be
integer, as would be the case for the minimal models. The corresponding central charge is then

c = 1 �
6

m(m + 1)
, (40)

and we also use the Kac table parameterisation of conformal weights

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
. (41)

In “usual” CFT the labels (r, s) are integers, but as for the parameter m we shall here allow them to take
more general values, as is already evident from (37). To make contact with standard references, it is also
convenient in the following to introduce the Coulomb gas coupling constant g = m

m+1 and the background

electric charge e0 = 1
m+1 . The operator associated with the order parameter has dimension[31, 32] h1/2,0 ;

it belongs to the generating function F0,�1.

4
Here and elsewhere a notation of the type q(q̄) means that q is given by the first expression on the right-hand side (the

one with a + sign), and q̄ by the second expression (with a � sign).
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Yet the situation is not hopeless
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are related by action of the interchiral algebra

(Gainutdinov, Read, Saleur 2015)
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Generated by 

i.e. the energy field which is in fact degenerate for Q generic

so we’re left with a set of conformal blocks with labels dense in  [0,1]

That’s where things become quite technical…



Conclusions and perspectives

 Why bother with difficult problems ? 

The questions remain of crucial  physical importance. 

The problems are rich and beautiful

In fact, the difficulties are similar to those encountered e.g. in trying to build CFTs 
between D=2 and D=3 (continuation in D also leads to loss of unitarity) 

 We’re learning every day how (conformal) field theory can be approached via finite lattice 
models. It is not clear how far one can go. 

 Progress on LCFTs has been steady. Full success may occur in our lifetimes 



 Amplitude ratios

Clearly, our set contains SZ,2Z and SZ+1/2,2Z. But it contains many more exponents, corresponding to
rational values of the first label with higher denominators, such as those with first label e + 1/4. We have
coming from our new sectors

(h1/4,�4, h1/4,4) =

✓
(15m � 1)2 � 16

64m(m + 1)
+ 1,

(15m � 1)2 � 16

64m(m + 1)

◆

(44)

h Part below will be moved to appendix in part, or suppressed. It is a useful tool for now.

Take now Q = 1/2 so m is irrationnal. We find then

(h1/2,�2, h1/2,2) = (1.156405, 0.156405)

(h3/2,�2, h3/2,2) = (2.9638, �0.03062)

(h1/4,�4, h1/4,4) = (2.92527, 1.9257) (45)

We observe that the field with (h1/2,�2 + 2, h1/2,2) has total dimension larger than (h3/2,�2, h3/2,2). There-
fore, at momentum 3, the field (h3/2,�2, h3/2,2) will be the first contribution, and so will be (h1/2,�2, h12,2)
at momentum one. It is therefore very easy to identify the corresponding contributions to the four point
function:

Paabb � Pabba / (zz̄)�2h1/2,0

⇣
A�h1/2,�2,h1/2,2
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⌘
(46)

Since m is irrational, there is no mixing in the conformal mapping, and we have
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⇠h1/4,�4 ⇠̄h1/4,4 + . . . (47)

For L = 5 and 2a = 2 we find the amplitudes 0.18828 and 0.00291 1st and 21st eigenvalues respectively).
h L = 7? This gives the ratio estimate

A�h1/4,�4,h1/4,4

A�h1/2,�2,h1/2,2

= .163 10�3, L = 5

=??, L = 7 (48)

Take now Q = 3
2

(h1/2,�2, h1/2,2) = (1.268170.268174, )

(h3/2,�2, h3/2,2) = (2.972613, �0.0273871)

(h1/4,�4, h1/4,4) = (3.33419, 2.33419) (49)

The first exponent correspond to the leading eigenvalue in F2,�1 and the second to the leading eigenvalue
in F4,i. For L = 5 and 2a = 2, we find the corresponding amplitudes 0.2306, �0.00033 (1st and 28th
eigenvalues) and for L = 7 and 2a = 3 we find 0.2205, �0.00072. This gives the ratio estimates

A�h1/4,�4,h1/4,4

A�h1/2,�2,h1/2,2

= �.7047410�5, L = 5

= �1.310610�5, L = 7 (50)
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Since m is irrational, there is no mixing in the conformal mapping, and we have on the cylinder
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To restate the obvious, what we do then is measure the combination of probabilities on the left, identify
the various terms on the right (via the exponential l-dependence of ⇠, ⇠̄), and account for the geometrical
factors (the powers of 4 sin2 2⇡a

L
) to extract, for a given sizes L, an estimate of the amplitudes.

5.2.4 The (1/4, ⌥4) amplitude

We give in figure (3) the results for the ratio A�h1/4,�4,h1/4,4
/A�h1/2,�2,h1/2,2

as a function of Q for various

sizes L. While this amplitude is small (amplitudes typically decay very fast with the dimension of the
associated primaries), it is clearly non zero in general, nor does it show any indication of going to zero
as L increases. We note however that, for all finite sizes, A�h1/4,�4,h1/4,4

= 0 for Q = 0, 3, 4. This is well

expected, as discussed in the appendices. We find on the other hand that A�h1/4,�4,h1/4,4
6= 0 for Q = 2.
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Figure 3: The ratio A�h1/4,�4,h1/4,4
/A�h1/2,�2,h1/2,2

as a function of Q for L = 5, 6, 7, 8 (blue, orange, green

and red dots respectively). This ratio is generically non zero. It exhibits (in finite size) simple poles at
Q = 4 cos2 ⇡

8 , Q = 4 cos2 4⇡

8 , and vanishes exactly (in finite size) for Q = 0, 3, 4.

While the amplitude is small in general, it is found to become large for two special values:

Q = 4 cos2
⇡

8
= 3.414213 · · · , (67a)

Q = 4 cos2
3⇡

8
= 0.585786 · · · . (67b)

There are several ways to understand this. We will discuss a CFT analysis in the conclusion. From the lattice
point of view, the divergence arises because the transfer matrix exhibits a Jordan cell in the lowest level of
W4,±i. This Jordan cell arises from representation theory of the Jones algebra for q = ei⇡/8, q = e3i⇡/8. To
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3⇡

8
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There are several ways to understand this. We will discuss a CFT analysis in the conclusion. From the lattice
point of view, the divergence arises because the transfer matrix exhibits a Jordan cell in the lowest level of
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 It is in fact necessary to have the fields in                   to cancel divergences in the conformal 
blocks, and create Jordan cells. 
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A particularly intriguing fact is that we found numerically a ratio A�h3/2,�2,h3/2,2
/A�h1/2,�2,h1/2,2

which

is not incompatible with the proposal in [1]. It could be that the solution to the bootstrap relevant for the
Potts model involves for this ratio a value close to the one in [1] and yet di↵erent, over the whole range
Q 2 [0, 4]. It could also be that the amplitudes in [1]—which, to the best of our understanding, are actually
given by standard formulas for Liouville at c < 1, naively extended to the case of fields with h 6= h̄—are
exact, but that something has to be added.

Adding “something” to the spectrum in [1] is definitely necessary if one wishes to avoid correlation
functions with many singularities as Q is varied. To see why this is the case, we consider the contributions
to the antisymmetric combination of probabilities: including now higher order terms in the conformal blocks

Paabb � Pabba / (zz̄)�2h1/2,0

⇣
A�h1/2,�2,h1/2,2

F
(s)
h1/2,�2

F
(s)
h1/2,2

+

A�h3/2,�2,h3/2,2
F

(s)
h3/2,�2

F
(s)
h3/2,2

+ A�h1/4,�4,h1/4.4
zh1/4,�4 z̄h1/4,4 + . . .

⌘
. (84)

Note that we used here conformal blocks where the dependency z�2h1/2,0 (resp. z̄�2h1/2,0) has been factored
out.

When Q ! 4 cos2 3⇡

8 ⌘ Q⇤, we find that h3/2,2 ! h1,2, a degenerate value. The conformal block in the
four-point function coming from

(h3/2,�2, h3/2,2) = (h3/2,�2, h1,2) =

✓
�

1

32
+ 3, �

1

32

◆
(85)

has a null state at level 2 for the z̄ components, with weights

(h3/2,�2, h1,�2) =

✓
�

1

32
+ 3, �

1

32
+ 2

◆
. (86)

The appearance of the null state means that the conformal block Fh3/2,2
has a pole of the form 1

Q�Q⇤

multiplying the term zh3/2,�2 z̄h1,�2 . Setting

F
(s)
h3/2,�2

F
(s)
h3/2,2

⇡ . . . +
r⇤

Q � Q⇤ zh3/2,�2 z̄h3/2,2+2 + . . . , (87)

we see that the amplitude of the singular term in the bracket in (84) is

A�h3/2,�2,h3/2,2

r⇤

Q � Q⇤ zh3/2,�2 z̄h3/2,2+2 . (88)

Meanwhile we observe that the weights for the singular term coincide with the weights from the 1/4 sector:

(h1/4,�4, h1/4,4) =

✓
�1

32
+ 3,

�1

32
+ 2

◆
. (89)

Recall that we have found numerically that he amplitude of this field also has a simple pole when Q ! Q⇤:

A�h1/4,�4,h1/4,4
⇡

R

Q � Q⇤ , (90)

so the amplitude of the second singular term in (84) is

R

Q � Q⇤ zh1/4,�4 z̄h4,1/4 . (91)

For technical reasons, we normalize all quantities by A�h1/2,�2,h1/2,2
(this amplitude is not expected to be

singular), so we set
A�h1/4,�4,h1/4,4

A�h1/2,�2,h1/2,2

⇡
r

Q � Q⇤ . (92)
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For technical reasons, we normalize all quantities by A�h1/2,�2,h1/2,2
(this amplitude is not expected to be

singular), so we set
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Ĉ(↵̂1, ↵̂2, 0) 6= 0
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Right at        there is a Jordan cell for the Hamiltonian with glueing of (several) standard modules 

A particularly intriguing fact is that we found numerically a ratio A�h3/2,�2,h3/2,2
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which
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The appearance of the null state means that the conformal block Fh3/2,2
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we see that the amplitude of the singular term in the bracket in (84) is

A�h3/2,�2,h3/2,2

r⇤

Q � Q⇤ zh3/2,�2 z̄h3/2,2+2 . (88)

Meanwhile we observe that the weights for the singular term coincide with the weights from the 1/4 sector:

(h1/4,�4, h1/4,4) =

✓
�1

32
+ 3,

�1

32
+ 2

◆
. (89)

Recall that we have found numerically that he amplitude of this field also has a simple pole when Q ! Q⇤:
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
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��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
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Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]

11

Figure 2: q = ei⇡/2.
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

Figure 2: q = ei⇡/2.

W0,z2=e2i⇡/3 W2,1 W3,e2i⇡/3 W3,e4i⇡/3

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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p
1 � x
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��1 �

p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M
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and
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where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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11

Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i
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W3,1

W4,i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i
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Virh=1/2 ⌦ Virh=1/2 (21)

and
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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1/4 ���1 +
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p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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the moment.
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1
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n
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i
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and
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following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡
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(w12 + w12) + 2
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n=1
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
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1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
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1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
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Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
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L
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e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)
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G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to
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and
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where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
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����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
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so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)
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G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
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L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3 The generic case
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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L
(w12 + w12) + 2
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+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2
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1
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y
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(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1
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W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.

Acknowledgments: we thank the authors of [4] and especially S. Ribault for inspiring discussions. This
work was supported by the ERC Advanced Grant NuQFT.

References

[1] P. di Francesco, H. Saleur and J.B. Zuber

14

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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1/4 ���1 +
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p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3 The generic case
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
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4⇡

L
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1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+
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n
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1
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W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
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2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
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��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
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One can deduce from these relations for instance that
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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and
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
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n=1
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+
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n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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(w12 + w12) + 2
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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z13z24
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p
1 � x

�� +
��1 �

p
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��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L
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+
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n
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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L
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1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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One can deduce from these relations for instance that
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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On the other hand, recall that
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For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)
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following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y
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For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i
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W3,1

W4,i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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and
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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On the other hand, recall that
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and X0,�1. Their continuum limits are
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

Figure 2: q = ei⇡/2.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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L
(w12 + w12) + 2

1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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Taking four points, they find the results (their eqs. (19) to (22)):
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)
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following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+

4⇡
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+
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n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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n=1
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
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Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
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simply to coupling to descendants of the identity. What is remarkable is that we should couple only
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so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8

W2,�1

W4,i

W4,�i

W12,i

W12,�i

10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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1/4 ���1 +
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p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +
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(P7 + P8)
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y
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(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +
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Q � 2
(P7 + P8)
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i
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Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)
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G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Figure 2: q = ei⇡/2.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations
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The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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n
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Taking four points, they find the results (their eqs. (19) to (22)):
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G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h
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For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8
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10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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p
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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called P2 in [4]
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2
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(P7 + P8)
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(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
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G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):
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(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are
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M
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and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.
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W1,1
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
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L
(w12 + w12) + 2

1X
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W0,z2=�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W2,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 2: q = ei⇡/2.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]

11

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡
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n=1
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i

6

We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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+
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:
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together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

2 Combinations

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (16)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(17)

The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at
the moment.

If we put ourselvea at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (18)

On the other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (19)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
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2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � x

�� +
��1 �

p
1 � x

��� (20)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏.
Meanwhile, recall that two representations of the a�ne TL algebra contribute to the Ising model: X,0i

and X0,�1. Their continuum limits are

X0,i 7! Vir11 ⌦ Vir11
M

Vir21 ⌦ Vir21 = Virh=0 ⌦ Virh=0

M
Virh=1/2 ⌦ Virh=1/2 (21)

and

X0,�1 7! 2 Vir12 ⌦ Vir12 = 2 Virh=1/16 ⌦ Virh=1/16 (22)

where the factor 2 indicates that, in fact, the representation splits into two isomorphic direct summands
for the subalgebra generated by ei, u2.

The simple modules X0,i and X0,�1 are obtained as the ‘tops’ of chains of modules according to the
following diagrams.

W0,z2=i

W1,1

W3,1

W4,i

W4,�i
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
constant of order unity. We now expand G(1, 2) to see how it connects with the results from the transfer
matrix:

G(1, 2) = 4 ln
L

4⇡✏
+

4⇡

L
(w12 + w12) + 2

1X

n=1

e�2⇡w12/L

n
+

e�2⇡w12/L

n
(46)

We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:

Figure 2: q = ei⇡/3.
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3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA

Paabb is probability that 1, 3 and 2, 4 respectively belong to the same clusters. It is P7 in Jesper’s notations.
Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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We shall measure w, L in units of the lattice spacing. This means ✏ will be a (non universal) numerical
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.

To proceed, we recall the structure of some of the modules for Q = 0:
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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We see that there is a linear term and a sum of exponentials. All the amplitudes should be compared with
lattice calculations.

The linear term indicates the presence of a Jordan cell of rank two (since we get a linear term), and the
two corresponding (pseudo) eigenvalues must be in the ground state sector since there is no exponential
decay.

h Can we get the amplitude of the linear term from the lattice? The sum of exponentials correspond
simply to coupling to descendants of the identity. What is remarkable is that we should couple only
to purely chiral or purely antichiral fields. This means that, if we investigate the case where Im(w12) 6= 0
so we can see the role of the lattice momentum in the contributions, only states with P = E and P = �E
should contribute.
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Figure 2: q = ei⇡/3.

W3,1 W4,�1

3 The generic case

3.1 The spectrum in the s-channel of Paabb: 2nS [ 2nA
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Jesper often considers P7 ± P8, where P8 is probability that 1, 4 and 2, 3 belong to the same clusters. It is
natural to expect that P8 is obtained from P7 by braiding the two points 3 and 4. This quantity is also
called P2 in [4]
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Figure 1: q = ei⇡/3.

9 The case q = ei⇡/8

W2,�1

W4,i

W4,�i

W12,i

W12,�i

10 Conclusion

We believe that the numerical and algebraic evidence presented in this paper invalidates the results in [4].
This is a very intriguing conclusion, since, in particular, the authors in [4] presented Monte Carlo simulations
of four point-functions in the plane that were in good agreement with their bootstrap prediction. The most
conservative hypothesis is that the conjectures in [4], while not correct, capture, numerically the essential
features of the four point-functions, and fail only at an accuracy, or for values of the cross-ratio z, not
accessible using the Monte-Carlo approach. To shed more light on this issue, an obvious route is to build
four point-functions following the methodology in [4] but based on our spectras. This is quite challenging
tehcnically, because of the large number of primary fields with dimensions of the same order of magnitude
we would have to involve. Another, more fundamental aspect worth mentioning is that, in our spectrum,
many of the conformal weights have degenerate values, with singular conformal blocks. It is not clear
whether the regularization procedure used in the bootstrap approach [4] is actually the relevant one for the
Q-state Potts model. This, we believe, could be answered by numerical studies in the spirit of the present
paper and [14]. We hope to come back to these questions in the near future.
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work was supported by the ERC Advanced Grant NuQFT.
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for the transfer matrix.

jp/M is even: this corresponds to the sectors with an even number of clusters propagating, and values of
z obeying zj = 1, what we have called earlier the j even, S sectors. Geometrically, these contributions
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non-contractible loops (which would cut the connection between 1, 2 and 3, 4) are forbidden.
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that none of the amplitudes seem to vanish as L ! 1. This suggests that the spectrum of critical exponents
is given by Fj,e2i⇡p/M (M |j, j�2), j, jp/M even and F0,�1.
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acquired by such a line when it winds clockwise (counterclockwise) around the cylinder. 
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ueiu
�1 = ei+1 (17d)

u2eN�1 = e1 . . . eN�1 . (17e)

The translation operator has the diagrammatic representation

u = . . . .

Note that the last relation is easily understood in terms of diagrams, for example for N = 4,

e1e2e3 = = = = u2e3.

Note also that uN is central. The resulting algebra is called the a�ne Temperley–Lieb algebra Ta

N
(n).

While Ta
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(n) is infinite dimensional, it is easy to define the finite dimensional modules which are relevant
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d̂j =

✓
N
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◆
, j > 0 . (19)
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by another parameter, related with the weight given to non contractible loops. Parametrizing this weight
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N
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�
N

N/2

�
. These

modules are irreducible for generic z. As in the case j > 0, we indicate only the z2 value, though it does
not mean that the two standard modules with ±z are isomorphic. We will indicate the sign of z when it is
necessary.

While it is useful to have knowledge of the finite dimensional modules of Ta

N
, things are simpler in the

Potts model (for which of course we must set n =
p

Q). Indeed, the algebra we are mostly interested in is
a quotient often called the Jones-Temperley-Lieb algebra JTLN (n) [?] obtained by:

(i) replacing non contractible loops by the same weight n =
p

Q as for the contractible ones,
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non contractible loops get a fugacity 

The modules necessary to reproduce the probabilities are the same as those appearing in the torus partition function  
of the Potts model  [DiFrancesco, Saleur, Zuber]

(ii) identifying non-isotopic (in the annulus) diagrams connecting the same sites.

(iii) setting uN = 1, which allows one to unwind through lines, and

h Explain item (ii) better

The first and second constraints are only relevant in the case j = 0. The first constraint leads to
z2 = q±2. In this case in fact, the a�ne TL module W0,q2 is reducible, and identifying non-isotopic
diagrams corresponds to the quotient W0,q2 of dimension

d0 = dim W0,q2 =

✓
N

N/2

◆
�

✓
N

N/2 + 1

◆
, (20)

This quotient is the standard module of JTLN (n) for j = 0.
Whenver j 6= 0, constraint (iii) leads to K = ⇡p/M where M |j and with a greatest common divisor

p ^ M = 1. The modules encountered so far are thus W0,q2 = W0,q�2 , and Wj,e2i⇡p/M , M |j.
On top of these modules, we will also need to consider the case where non-contractible loops are given

a vanishing weight, ensuring, in the cluster formulation, that there exists one cluster propagating along the
cylinder. This is easily accomplished by setting z = ±i, leading to W0,�1.

4.4 Exponents

The spectrum of the transfer matrix (or Hamiltonian) describing the connectivities in the geometrical
Q-state Potts model in the relevant modules of the a�ne Temperley-Lieb algebra is well known in the
conformal limit. Setting

H = ��
2LX

i=1

ei (21)

we define the generating function of levels (eigenenergies of H) and lattice momentum P as [10]

Tr e��R(H�N"0)e�i�IP N!1
����! Tr qL0�c/24q̄L̄0�c/24, (22)

Here "0 is the (non-universal) ground state energy per site in the thermodynamic limit, and we have set
q(q̄) = exp

⇥
�

2⇡

N
(�R ± i�I)

⇤
with �R,I real and �R > 0. N = 2L is the length of the chain (only even chains

are relevant in our problem). � is a known q dependent constant adjusted in such a way that the sound
velocity of the excitations is equal to one.

The generating function (22) calculated in the modules Wj,e2iK is

Fj,e2iK ⌘ TrWj,e2iK e��R(H�N"0)e�i�IP N!1
����!

q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

h
e+ K

⇡
,�j q̄

h
e+ K

⇡
,j , (23)

where

P (q) =
1Y

n=1

(1 � qn) = q�1/24⌘(q). (24)

In this equation we have parametrized the Potts model by
p

Q = 2 cos ⇡

m+1 , m 2 [1, 1]. The corresponding
central charge is

c = 1 �
6

m(m + 1)
(25)

and we also use conventions

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
(26)

It is convenient in the following to introduce g = m

m+1 and e0 = 1
m+1 .
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Note: to compare with [4] one must set in their equation (1.1) �2 = m

m+1 (so 1
2  �2

 1), q = Q.
Moreover, the conventions used in their paper for the exponents are switched with respect to ours. They
call �sr what we call hrs (or �rs).

Restricting now to the cases K = ⇡p/M , M |j gives

Fj,e2i⇡p/M =
q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

he+ p
M

,�j q̄
he+ p

M
,j , M |j, j integer (27)

h Case j=1? On top of this we also have to consider the generating function of levels in W0,�1, which reads

F0,�1 =
q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
qhe+1/2,0 q̄he+1/2,0 , (28)

and the generating function in W0,q2 . The twist eiK = q corresponds in our notation to K

⇡
= e0, so we

have first

F0,q2 =
q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
qhe+e0,0 q̄he+e0,0 , (29)

The subtraction necessary to obtain the module W0,q2 leads to the expression for the generating function
of the corresponding levels:

F̄0,q2 =
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a single cluster that propagates without having a boundary present all along the cylinder: the cluster is
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(ii) identifying non-isotopic (in the annulus) diagrams connecting the same sites.

(iii) setting uN = 1, which allows one to unwind through lines, and

h Explain item (ii) better

The first and second constraints are only relevant in the case j = 0. The first constraint leads to
z2 = q±2. In this case in fact, the a�ne TL module W0,q2 is reducible, and identifying non-isotopic
diagrams corresponds to the quotient W0,q2 of dimension

d0 = dim W0,q2 =

✓
N

N/2

◆
�

✓
N

N/2 + 1

◆
, (20)

This quotient is the standard module of JTLN (n) for j = 0.
Whenver j 6= 0, constraint (iii) leads to K = ⇡p/M where M |j and with a greatest common divisor

p ^ M = 1. The modules encountered so far are thus W0,q2 = W0,q�2 , and Wj,e2i⇡p/M , M |j.
On top of these modules, we will also need to consider the case where non-contractible loops are given

a vanishing weight, ensuring, in the cluster formulation, that there exists one cluster propagating along the
cylinder. This is easily accomplished by setting z = ±i, leading to W0,�1.

4.4 Exponents

The spectrum of the transfer matrix (or Hamiltonian) describing the connectivities in the geometrical
Q-state Potts model in the relevant modules of the a�ne Temperley-Lieb algebra is well known in the
conformal limit. Setting

H = ��
2LX

i=1

ei (21)

we define the generating function of levels (eigenenergies of H) and lattice momentum P as [10]

Tr e��R(H�N"0)e�i�IP N!1
����! Tr qL0�c/24q̄L̄0�c/24, (22)

Here "0 is the (non-universal) ground state energy per site in the thermodynamic limit, and we have set
q(q̄) = exp

⇥
�

2⇡

N
(�R ± i�I)

⇤
with �R,I real and �R > 0. N = 2L is the length of the chain (only even chains

are relevant in our problem). � is a known q dependent constant adjusted in such a way that the sound
velocity of the excitations is equal to one.

The generating function (22) calculated in the modules Wj,e2iK is

Fj,e2iK ⌘ TrWj,e2iK e��R(H�N"0)e�i�IP N!1
����!

q�c/24q̄�c/24

P (q)P (q̄)

X

e2Z
q

h
e+ K

⇡
,�j q̄

h
e+ K

⇡
,j , (23)

where

P (q) =
1Y

n=1

(1 � qn) = q�1/24⌘(q). (24)

In this equation we have parametrized the Potts model by
p

Q = 2 cos ⇡

m+1 , m 2 [1, 1]. The corresponding
central charge is

c = 1 �
6

m(m + 1)
(25)

and we also use conventions

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
(26)

It is convenient in the following to introduce g = m

m+1 and e0 = 1
m+1 .
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Finally, observe that the Kac parametrization

hrs =
[(m + 1)r � ms]2 � 1

4m(m + 1)
(136)

becomes, in the limit m ! 1, hrs = (r�s)2

4 . The exponents appearing in the various Ashkin-Teller
correlators are thus in agreement with the spectra conjectured in [4]

G : SZ,2Z,

R1 : SZ+ 1
2 ,2Z,

R2 : SZ,2Z
R3 : SZ+ 1

2 ,2Z (137)

B.5 The case Q = 2

In the paper [3] relations are explored between the correlation functions of spins and the geometrical objects.
Taking four points, they find the results (their eqs. (19) to (22)):

G↵↵↵↵ = (Q � 1)(Q2
� 3Q + 3)Paaaa + (Q � 1)2(Paabb + Pabba + Pabab)

G↵↵�� = (2Q � 3)Paaaa + (Q � 1)2Paabb + Pabba + Pabab

G↵��↵ = (2Q � 3)Paaaa + Paabb + (Q � 1)2Pabba + Pabab

G↵�↵� = (2Q � 3)Paaaa + Paabb + Pabba + (Q � 1)2Pabab (138)

One can deduce from these relations for instance that

G↵↵↵↵ � G↵↵�� = Q(Q � 2)2

P1 +

1

Q � 2
(P7 + P8)

�
(139)

h The simplification in the spectrum of the rhs must mean something for the lsh, but I don’t know what at the

moment. Not clear where we want to put our observations about ‘simplified spectra’

If we put ourselves at Q = 2 (Ising model) we find that

G↵↵↵↵ = Paaaa + Paabb + Pabba + Pabab (140)

(we also observe that all the other combinations reduce to this one for this particular value of Q). On the
other hand, recall that

G↵↵↵↵ = h

4Y

i=1

(Q��i,↵ � 1)i (141)

For Q = 2, Q��i,↵ � 1 = ±1 coincides with the Ising spins, so this four point function is just the four point
function of the spin operator in the Ising model. The latter is well known:

h����i =
1

2

����
z13z24

z12z23z34z41

����
1/4 ���1 +

p
1 � z

�� +
��1 �

p
1 � z

���

= |z13|
�1/4

|z24|
�1/4 1

|z(1 � z)|1/4

���1 +
p

1 � z
�� +

��1 �
p

1 � z
��� (142)

together with C��✏ = 1
2 (here ✏ is the energy operator). It involves two conformal blocks, corresponding to

the fusion channels �� ⇠ 1 and �� ⇠ ✏. The expansion of the function G gives then

|z|
1/4G(z, z̄) = 1 +

1

4
z1/2z̄1/2 +

1

16
(z1/2z̄3/2 + z3/2z̄1/2) +

1

64
z3/2z̄3/2 +

1

64
(z2 + z̄2) + . . . (143)

The normalized correlation function on the lattice should then be

1 + s2⇠1/2⇠̄1/2 + (s2
� s4)⇠1/2(⇠̄3/2 + ⇠3/2⇠̄1/2) +

s4

4
(⇠2 + ⇠̄2) + (s2

� 2s4 + s6)⇠3/2⇠̄3/2 + . . . (144)
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For Q=2

where is our usual 4 point spin correlator

Expansion in the s-channel:

ratio of measured over expected 
vs1/L for a=L/2
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