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Entanglement crossovers in RG flows 

The problem:

in the context of quantum impurity problems. Some examples:
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FIG. 1: Illustration of the low energy or long distance (IR) and high energy or short distance (UV) limits of the
Kondo model, after reduction to the s-wave channel. In the low energy limit, the impurity spin is swallowed by the

bath, while it is decoupled at high energy (denoted by a white circle). The black arrows denote right- and
left-moving fields. A and B denote the partition of the system that is used to define the bipartite entanglement.

The Kondo model (or the IRLM also considered below) being integrable, it is natural to wonder about determining
the entanglement exactly using Bethe ansatz type techniques. This however remains a seemingly unreachable goal,
despite progress such as in [22]. The next best option is to obtain what are usually extraordinarily good approximations
using the form factors technique, directly in the continuum, scaling theory, after taking the appropriate “massless
limit” of the usual massive construction [23]. This will in fact be discussed in our next paper. Meanwhile, there is one
last tool we can try to put to use, following the calculation to lowest order performed in [12]: the expansion around the
strong coupling fixed point. Such an expansion is bound to be better behaved as far as IR divergences are concerned,
since one perturbs by irrelevant operators, whose correlation functions decay su�ciently fast at infinity to render all
integrals convergent at large distance. Indeed, the lowest order calculation proposed in [12] relies on the e↵ective
Fermi Liquid theory for the vicinity of the Kondo strong coupling fixed point, and boils down, technically, to the
calculation of a single integral of the one point function of the stress energy tensor (see below), a perfectly well defined
procedure, leading to a result that depends only on Tb, L as required. This procedure is however bound to fail in
general, beyond the first order, since there are now strong UV divergences, and perturbation by an irrelevant operator
does not determine a renormalizable field theory. However, in the integrable case, the existence of an infinity of
conserved quantities does, in fact, provide a full control of the low energy hamiltonian: the necessarily infinite number
of counter terms are all explicitly known [24], together with a well defined (analytical) regularization procedure.
This means that, while we do not know how to calculate the scaling functions at small coupling (since they are not
perturbative), we have, in principle, a tool to determine them perturbatively at large coupling. Of course, only a few
orders are technically manageable, but this is enough to gain an understanding of the scaling functions, and answer
important qualitative questions.

The paper is organized as follows: In section II, we introduce the impurity model and its representation in the
ultraviolet and infrared limits. In section III, we present the method of infrared perturbation theory in the replicated
theory needed to compute the entropies. We then turn to the actual calculation of the entropies in an infinite size
system in section IV: our result for the entanglement entropy is summarized in Eqs. (42,43). Section V treats the
case of a system of finite size 2L

0

, our results being summarized in Eqs. (58,59).

II. MODEL

A. Interacting Resonant Level Model

We start in fact not with the Kondo hamiltonian, but with the interacting resonant level model (IRLM). This is
a simple impurity model that describes a tunnel junction between a localized resonant level at x = 0 and two baths
of free, spinless electrons. We note here that the model and all the manipulations below can be generalized to an
arbitrary number of baths, but this will not change qualitatively the results very much. Later, we will discuss briefly
the one-wire case.

The IRLM also includes a Coulomb interaction (that is also called ”excitonic” interaction) between the level and
the baths. After a mode expansion in the baths and a linearization around the Fermi points, we end up with an
hamiltonian H = H

0

+Hb, where H
0

=
P

a=1,2�i
´1
�1 dx †

a@x a (we have unfolded the fermionic fields living on the

Kondo problem after 	

reduction to the s channel

Impurity decouples at 	

high energy

Entanglement entropy

!− " "
Ψ1 Ψ2

The problem (here for ∆ = 0 only)
What is the entanglement entropy SA = −TrHA [ρA log ρA] of an
interval A of length L with the remainder of the system?
Case α = 1

2 is easier [Saleur-Schmitteckert-Vasseur 2013]
1st order IR perturbation [Sørensen-Chang-Laflorencie-Affleck 2006]

Consider in general the asymmetric case with ℓ = αL and α ̸= 1
2
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Tunneling through a quantum	

dot with dot/wires interactions,	

or with interactions within wire

Healing at low energy

Region A of total length Lor

Affleck Laflorencie Sorensen 2006

Levine 2004, Eisler Peschel 2010



by a variety of tricks these problems are all technically related. To fix ideas let’s take the 	

second problem. In the UV the system is cut in half, and the entanglement of A with the rest is 

In the IR it is healed
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using formulas for entanglement  	

of boundary regions

we allowed for impurity (boundary)entropies (Affleck Ludwig) in the  
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We want to know how S varies in between
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Entanglement is non perturbative 

To fix ideas some more: take 

Two weak links: tunneling through a resonant level

H = J
∞
∑

i=−∞

(

Sxi Sxi+1 + Syi S
y
i+1 +∆Szi Szi+1

)

+ (J ′ − J)
0
∑

i=−1

(

Sxi Sxi+1 + Syi S
y
i+1 +∆Szi Szi+1

)

Dimension of perturbation is now h/2 and is always relevant
Healing length (Kondo temp.) ξx := (TB)−1 = (J ′)1/(h/2−1)

Unfold and bosonise as before:

H = vF
∫ ∞

−∞
dx (∂xφ)2 + λ

[

ei
β√
2
φS− + e−i

β√
2
φS+

]

(0)

Can fold back to obtain anisotropic Kondo problem
Jesper L. Jacobsen (LPTENS) Entanglement with quantum impurity IEU, Seoul, 18/07/2013 4 / 26

J’ is the perturbation (tunneling amplitude). Setting
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Perturbation has dimension D=h/2 and is always relevant in the RG sense. It is associated with 	

a healing (Kondo) length 
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Unfolding and bosonizing leads to 

Is S universal along the RG flow? How does it vary as a function of                ? 
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The tricks of conformal field theory can be extended at least formally	

 to study crossovers: perturbed CFT

Twist fields [Cardy-Calabrese 2004]

Replica trick: SA = − limn→1
d
dnTrHA(ρA)

n

Continue analytically from n ∈ N

Hence define theory on multi-sheeted Riemann surface

Branch-point twist fields T at (x , y) = (a1,0) and (a2,0)

TrHA(ρA)
n ∝

〈

T (a1,0)T̃ (a2,0)
〉

L(n)

Map to z ∈ R2 via z =
(

w−a1
w−a2

)1/n
, obtaining hn = h̄n = c

24
(

n − 1
n
)
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Now need to add 	

perturbation on the 	

Riemann surface 

7

φ1

φ2

τ = 0

τ = β

τ

x

(a) A matrix element of the full density
matrix ρ

BB φA1

φA2

τ = 0

τ = β

τ
x

(b) Reduced density matrix at finite temperature β−1.

BB φA1

φA2

τ = ∞

τ = −∞

τ

x

(c) At zero temperature β = ∞.

FIG. 4: Graphical representation of full (figure 4a) and reduced (figures 4b and 4c) density matrix elements
⟨φ1(x)| ρ(A) |φ2(x)⟩. The fields φ1,φ2 that label the matrix element are the boundaries in the path integral formalism. In this
formulation, the partial trace over B amounts to gluing together the boundaries in region x ∈ B. The fields φ propagate with

the complete action S.

HB(0, τ1)

HB(0, τ2)N = 3

τ
x

FIG. 5: The RN geometry. The thick line at x = 0 is the integration contours of the boundary operators we insert. In this
example we have inserted two operators, coming from two different copies of the system.

Here ZN is the partition function of the theory living on the surface RN (β) that is obtained by gluing cyclically the
N open cuts of figures 4b and 4c, so that RN (β) is the N -sheeted Riemann surface RN when β = ∞, and a more
complicated surface of higher genius at finite temperature.

The RN geometry We now see the geometry in which we will have to compute correlators of boundary operators
in order to get the Renyi entropies. The matrix ρNA is a fusion of the cylinders/planes via the ”lips” of the cuts,
and taking the trace over region B amounts to fuse the last one with the first one. This gives the RN geometry,
shown in figure 5. In the path integral formalism this means that we take N copies of the system, we have a
collection of fields φ(j) , j = 1 . . .N , and two inverted branching points, one at z = −iL and one at z = iL, so that
φ(j)(0

+ − ix) = φ(j−1)(0
− − ix) for −L < x < L.

C. Infra-red perturbation

1. Inserting operators on RN

We want to make a perturbative expansion around the free action S0 : S = S0 + Sb with Sb =
´ β
0 dτHb(0, τ) and

we develop in the path integral (16) the exponential

exp(−Sb) =
∞∑

n=0

ˆ

dτ1 . . .

ˆ

dτn
(−1)n

n!

n∏

i=1

Hb(0, τi). (19)

Since it’s a T=0 problem, integrals run over	

infinite imaginary time direction 

imaginary time



As a result, like for most p point functions in PCFT, there are no UV divergences if  D=
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But there are strong IR divergences: 	

!
the size L does not act as a cutoff. For entanglement, divergences appear at first non trivial order: the 
leading correction to S is thus non analytic in J’! 

General field theoretic arguments however suggest that, since we consider a two point function 
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non universal part

The Reny entropy is essentially  the two point function of twist operators.

S
UV

=

1

6

✓
ln

2(L� l)

✏
+ ln

2l

✏

◆
+ ln g

UV

S
IR

=

1

3

ln

L

✏
+ ln g

IR

O(1) g factors

h = 2

✓
1� 1

⇡
arccos �

◆

⇠ / T�1
B

/ (J 0
)

2/h�2

L, l, T
B

h =

�2

8⇡
, � / J 0

H =

Z 1

�1
dx

X

a=1,2

(@
x

�
a

)

2
+ �

"
S�

X

a=1,2

ei��a(0)/
p
2
+ h.c.

#

h

2

<
1

2

Tr (⇢
A

)

n

= c
n

(aT
B

)

✓
L

a

◆� 1
6 (n�n

�1)

⌦(LT
B

, lT
B

, n)

S(L/2, L)� S
IR

= g(LT
B

)

1X

k=0

Z 1

�1

kY

i=1

d✓
i

NX

✏i=1

|✓1 . . . ✓k >
✏i ✏i < ✓

k

. . . ✓1|

↵ = 0

↵ = 1/2

Z 1

0

d⌧

⌧2D

3

diverges in 0 or ∞

and thus

Contrast with boundary (Affleck Ludwig) entropy where finite T act as cutoff

Compare with screening cloud  (Affleck Barzykin 1997)



3

SUV ∼ 1
6 lnL, since the interval contains only a sin-

gle half-wire. Clearly, SUV contains non-universal terms
when α → 0, since the limiting procedure necessarily
refers to the lattice spacing.
In the strong coupling (IR) limit (L, ℓ ≫ T−1

B ) the
interval is in the bulk of a single healed wire, whence

SIR ∼
1

3
ln

L

a
. (4)

Thus, for α → 0, the logarithmic term of the EE increases
under RG: 1

6 lnL −→ 1
3 lnL. This increase is expected,

and witnesses to the “healing” of the chain upon renor-
malization.
Concerning the MI, one has IUV = 0 at high energy,

since the chains are decoupled, and IIR ∼ 1
3 lnL at low

energy. Starting from these well-understood fixed points
at tunneling amplitudes λ = 0 and λ = ∞, one could
hope to compute the EE or the MI perturbatively. How-
ever, the conclusions of [10], obtained for a symmetric
interval, apply to any α. The weak-coupling expansion
of S(ℓ, L) is plagued by strong infrared divergences, in-
dicating a non-analytic behavior in λ, while the strong-
coupling expansion can, in principle, be computed fol-
lowing [11, 12], although it would fail to capture the
crossover physics. The non-perturbative nature of the
weak-coupling expansion has unfortunately been over-
looked previously.
Universal Scaling of the entanglement. Even though

S(ℓ, L) (including the limit ℓ/L → 0) cannot be com-
puted in general, one can still infer its universal scal-
ing form. For a symmetric interval (α = 1

2 ), it was ar-
gued [12] that S(ℓ = L/2, L)−SIR is a universal function
of LTB. Also in our case, we expect the EE to be related
to a universal scaling function, interpolating between the
weak and strong coupling regimes. However, it is clear
from the evolution of the lnL term under the RG flow dis-
cussed above that S(ℓ, L)−SIR itself cannot be a scaling
function of LTB for all values of ℓ/L. Instead, we shall
argue that the EE admits a general scaling

∂S(α = ℓ/L, L)

∂ lnL
= f(LTB, ℓ/L), (5)

with f(0, 0) = 1/6 and f(0, ℓ/L ̸= 0) = 1/3 in the UV
limit, and f(∞, ℓ/L) = 1/3 at low energy. This scaling
formula is physically appealing as it somehow follows the
lnL term during the flow. Consequently f(LTB, ℓ/L) can
be thought of as some kind of “effective central charge”,
thus allowing a more precise interpretation of the nu-
merics in [8], where a “length-dependent effective central
charge” was introduced. One must be careful, however,
since the derivative with respect to lnL obviously picks
up other terms that are not logarithmic in L.
Our main result (5) can be obtained from the scaling of

the Renyi entropy Sn = 1
1−n lnRn, with Rn = trρn and

ρ the reduced density matrix introduced above. Recall
that the EE can be computed from a replica trick as

S = − d
dnRn

∣

∣

n=1
. The crucial point is the identification

ofRn as a two-point function of twist fields on a n-sheeted
Riemann surface [24]. In our context of a c = 1 CFT with
a relevant boundary perturbation, we expect Rn to scale
as (dropping the ℓ dependence for simplicity)

Rn = trρn = cn

(

L

a

)− 1
6
(n−n−1)

Ω (LTB, n) , (6)

with c1Ω(LTB, n = 1) = 1 so that R1 = 1. Here we have
separated the universal scaling function Ω (LTB, n) com-
ing from the two-point function, and the non-universal
proportionality coefficients cn that can be thought of as
functions of aTB – they can evolve during the flow, and
they depend explicitly on the UV cutoff a. The entan-
glement entropy can thus be expressed as S = h (LTB)+
k (aTB) where h (LTB) = − ∂n lnΩ|n=1 +

1
3 lnLTB and

k (aTB) = − ∂n ln cn|n=1 − 1
3 ln aTB. To get rid of the

non-universal contribution in the general case, we con-
sider a derivative with respect to lnL to find (5) as
claimed.

Free Fermions Exact Solution. At the free fermion
point ∆ = 0, the scaling function (5) can be computed
exactly by combining the form factor approach of [26, 27]
in the massless limit [10] with the defect scattering for-
malism [28], where free particles are reflected and trans-
mitted by the impurity with respective amplitudes R̂(ω)
and T̂ (ω) depending on their energy ω. At leading order,
one finds (see supplementary material)

S(ℓ, L) ≃ −
1

4

∫ ∞

0

dω

ω
e−2LωT̂ (ω)2

−
1

8

∫ ∞

0

dω

ω

[

e−4ℓω + e−4(L−ℓ)ω
]

R̂(ω)2 . (7)

The IR divergence of (7) in the ω ≪ 1 limit can be
cured by Γ-function regularization techniques, or, more
elegantly, by computing the logarithmic derivative (5).

In the weak link case, one has T̂ (ω)2 = cos2 ξ and
R̂(ω)2 = sin2 ξ. The parameter ξ = π

2 − 2 arctanJ ′

is independent of ω, since the perturbation is exactly
marginal. In this case, S(ℓ, L) can however be com-
puted exactly [5, 29], so we turn instead to the more
challenging dot case. (Note that the same formalism ap-
plies also to the weak link case with ∆ = − 1√

2
, which

is interacting on the lattice but can be refermionized in
the scaling limit). For the dot case at ∆ = 0, one has
T̂ (ω)2 = (TB/(TB + ω))2 and R̂(ω)2 = (ω/(TB + ω))2,
and we stress that R̂2 + T̂ 2 ̸= 1 only because unitarity
has been broken by a Wick rotation in the computation
leading to (7). Our main result is then the lowest-order

The only universal part	

‘’effective’’ central charge

However, in the symmetric (Kondo like) case, scaling is better  
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No known way to calculate or approximate f or g analytically except in integrable cases 
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Note:



Entanglement in integrable QFT 

• Integrability means here existence of a basis of excitations whose dynamics is factorized on 	

two body processes, with no particle production either in the bulk or in the interaction with the 
impurity. While most often used in the massive case, this basis exists also in the massless case.

• The excitations (quasiparticles) are L or R moving, and live on the n copies of the initial theory 

• The two point function of the twist operators is calculated by expanding on the qp basis and requires  a 
knowledge of form-factors (Cardy, Castro-Alvaredo, Doyon 2007)

Twist fields [Cardy-Calabrese 2004]

Replica trick: SA = − limn→1
d
dnTrHA(ρA)

n

Continue analytically from n ∈ N

Hence define theory on multi-sheeted Riemann surface

Branch-point twist fields T at (x , y) = (a1,0) and (a2,0)

TrHA(ρA)
n ∝

〈

T (a1,0)T̃ (a2,0)
〉

L(n)

Map to z ∈ R2 via z =
(

w−a1
w−a2

)1/n
, obtaining hn = h̄n = c

24
(

n − 1
n
)

Jesper L. Jacobsen (LPTENS) Entanglement with quantum impurity IEU, Seoul, 18/07/2013 7 / 26

S
UV

=

1

6

✓
ln

2(L� l)

✏
+ ln

2l

✏

◆
+ ln g

UV

S
IR

=

1

3

ln

L

✏
+ ln g

IR

O(1) g factors

h = 2

✓
1� 1

⇡
arccos �

◆

⇠ / T�1
B

/ (J 0
)

2/h�2

L, l, T
B

h =

�2

8⇡
, � / J 0

H =

Z 1

�1
dx

X

a=1,2

(@
x

�
a

)

2
+ �

"
S�

X

a=1,2

ei��a(0)/
p
2
+ h.c.

#

h

2

<
1

2

Tr (⇢
A

)

n

= c
n

(aT
B

)

✓
L

a

◆� 1
6 (n�n

�1)

⌦(LT
B

, lT
B

, n)

S(L/2, L)� S
IR

= g(LT
B

)

1X

k=0

Z 1

�1

kY

i=1

d✓
i

NX

✏i=1

|✓1 . . . ✓k >
✏i ✏i < ✓

k

. . . ✓1|

3

insert sum over intermediate states 

The expansion in terms of k converges very fast, for all values of L and impurity couplings
(even though the theory is massless)	


replica index	




A simple example: the RLM (XX chains + dot). Still non trivial since twist fields are very 	

non local in terms of the (n copies of) fermions. 

Results for two weak links

Since there is a flow in x = LTB, it is not correct to extract the
apparent coefficient of log L.
Instead set ℓ = αL and compute the scaling function

∂SA(α)
∂ log L = F (LTB)

After renormalisation we find:

F(x) =
2
3

∫ ∞

0
dv e−2v

( x
v + x

)2
+

2
3

∫ ∞

0
dv

(

αe−4αv + (1 − α)e−4(1−α)v
)

( v
v + x

)2

No need to Γ-regularise (the derivative does the job)
Case α = 1

2 coincides with [SSV 2013] which is quite non-trivial!
“Bulk two-point function with defect scattering” versus “One-point function with boundary state”

Several wrong results in the literature, due to considerations of the
type SA ∼ ceff log L and failure to introduce scaling function F (x)
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where

F (x) = 2
3

∫ ∞

0
dv e−2v

(

x
v + x

)2
+
2
3

∫ ∞

0
dv

(

αe−4αv + (1− α)e−4(1−α)v
)

(

v
v + x

)2
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+ …
Two weak links: comparison with numerics (α = 0)
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Numerics and FF for 
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Chains of 32000 sites. 	

No adjustable parameter  

Effective central 	

charge is non 	

monotonic !
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FIG. 2: EE scaling function f(x,α) with x = LTB and α = ℓ/L. The FF approximation (8), shown as dashed lines, is compared
with numerics for two wires of each N = 32 000 sites and several values of J ′. (a) The limit α → 0. The inset shows the MI,
without numerics. (b) Different values of α. For clarity, the numerical data for all values of J ′ here carry the same color.

FF approximation to the EE scaling function (5):

f(x,α) =
2

3

∫ ∞

0
dv e−2v

(

x

x+ v

)2

+
2

3

∫ ∞

0
dv

(

α

e4αv
+

1− α

e4(1−α)v

)(

v

x+ v

)2

, (8)

with the scaling variables x = LTB and α = ℓ/L. Notice
that we have multiplied the actual result of the com-
putation by a factor 4/3 in order to obtain the correct
UV and IR limits [10]. This renormalization is justified
e.g. by noticing that resummation of the full FF expan-
sion in the UV/IR reproduces [10, 27] the known CFT
result [24, 25]. We note that the high-energy x ≪ 1
expansion of (8) contains an x lnx term for all α, thus
illustrating the non-perturbative nature of the EE, as al-
ready noticed for α = 1/2 in [10].
From (8) we also obtain the FF approximation to the

MI scaling function:

∂I(L)

∂ lnL
≡ g(x) =

4

3

∫ ∞

0
dv

(

e2v − 1

e4v

)(

x

v + x

)2

. (9)

In general the MI is only an upper bound on the entan-
glement between the two wires, but in the limits g(0) = 0
and g(∞) = 1/3 the bound is seen to saturate.
Numerical results. The EE scaling function f(x,α)

exhibits a rich, non-monotonic behavior in both variables
(see Fig. 2), with an especially singular – and physically
interesting – limit α → 0. We now check the accuracy of
the FF approximation (8) against extensive numerics on
the XX spin chain (∆ = 0) with two weak links. Map-
ping the problem onto free fermions [30], the reduced

density matrix can be obtained by diagonalizing the cor-
relation matrix

〈

c†ncm
〉

[31], which in turn can be com-
puted exactly from one-particle eigenstates (see supple-
mentary material). To avoid numerical instabilities, we
used both double and 50-digit numerical precision. Our
largest computations, with two wires of N = 32 000 sites
each, are shown in Fig. 2. To avoid boundary effects, we
considered intervals of length L < N/10. The values of S
showed strong parity effects in L which were attenuated
by averaging data for L and L+ 1.

Discussion. The agreement between the FF approx-
imation (8) to f(x,α) and the numerics is excellent, ex-
tending to more than five decades in x = LTB and all
values of α, including the α → 0 limit. Note that our
results agree without any free parameter, as the scale
TB = (J ′)2 can be computed exactly for ∆ = 0. The
considerable qualitative differences between α = 1/100
and α = 0 are well reproduced by the numerics. (The
case α = 0 is realized numerically by letting the inter-
val start at the quantum dot site.) The scaling collapse
for different values of J ′ is remarkable, except for very
small x (high energy) where the lattice discretization is
manifest. Presumably the small remnant discrepancies
with (8) would disappear by taking the FF computation
to the next order (see [10] in the α = 1/2 case).

More importantly, our universal scaling prediction (5)
goes beyond free-fermion systems – or interacting sys-
tems that can be mapped onto free-fermions at low en-
ergy, and provides the correct description of entangle-
ment in quantum impurity systems characterized by a
Kondo temperature TB. It would be very interesting to
generalize this prediction to non-equilibrium setups, for
example in the context of quantum quenches [32].
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UV and IR limits

Consider e.g. α = 0
UV limit (x ≪ 1):

F (x) = 1
6 +

4
3 (1+ γ + log(4x)) x +O(x2)

The logarithmic term shows that SA is non perturbative
Already pointed out in [SSV 2013] for the case α = 1

2

IR limit (x ≫ 1):

F (x) = 1
3 −

1
3x +O

(

1
x2

)
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The non perturbative dependence

Discontinuous 	

behavior for α=0
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Integrability can also mean full knowledge of the low energy action, and a meaningful ‘’irrelevant’’ 
perturbation theory (Lesage Saleur 1996). Eg for anisotropic Kondo (the previous case with             
then describes the Toulouse point) 
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12

to only 3 reduced diagrams (i.e. diagrams free of O2 insertions) A{1}, A{2} and A{1,1} at order 7. After tedious
calculations, we find:

RN (u− v) = −
g4
T 3
b

A{1}(u − v)−
g6
T 5
b

A{2}(u − v) +
g24
2T 6

b

A{1,1}(u− v) +O
(
(LTb)

−8
)

A{1}(u − v) =
−iπ(N2 − 1)2

24D N3(u − v)3
(4 −D)(1− 4D)

A{2}(u − v) =
−iπ

(
N2 − 1

)2

5760D2N6(u− v)5

[

24(2−D)(1 − 2D)
(
(1−D)2(334N2 − 246)−D(64N2 − 31)

)

+DN
(
−18D(1123N2 − 667) + (1 −D)2

(
7N411930N2 − 5697

))
]

A{1,1}(u − v) = −
(
N2 − 1

)
π2

N6(u− v)6

[
(1− 4D)2(4−D)2

2880D2

(
5(N2 − 1)3 +

144

13
N(−36 + 79(N2 − 1))

)

+9N
(
20− 29N2 + 13N4

) 3521D2 − 1576D
(
1 +D2

)
+ 216

(
1 +D4

)

1820 D2

]

(40)

Due to the prefactors (N2 − 1)2 in all but one of the contributions to RN , the reduced entanglement entropy bears

only one contribution up to order 7, that can be expressed as a function of parameter α = (1−D)√
D

:

S(u′ − v′) =
18

35

(πg4)2

(u′ − v′)6 T 6
b

(
4α4 − 8α2 + 9

)
+O

(
(LTb)

−8
)

(41)

where u′, v′ are the generic points where the twist fields are inserted in order to compute the quantities A{ni} with
ni > 0. Now, taking u′ = −iL, v′ = iL+ 2i/Tb in this expression and keeping only terms that are O

(
(LTb)−7

)
leads

to the expression for the full entanglement entropy:

S = S ir + S imp (42)

S imp =
1

6
ln

(
1 +

1

LTb

)
−

18

35

(πg4)2

(2LTb)6

(
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6

LTb

)
(4α4 − 8α2 + 9) +O((LTb)
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with S ir the entanglement entropy at the IR fixed point given by (31), and we recall the D−dependence of the
coefficients g4 and α:

g4 =
D

6π2

(
Γ(D/2(1−D))

Γ(1/2(1−D))

)3 Γ(3/2(1−D))

Γ(3D/2(1−D))
, α =

(1−D)√
D

. (44)

Note that in (43), the first term in the right hand side has to be truncated at order 7.
The second term in the right-hand side of equation (43) is the first term in the perturbative expansion that depends

on the strength of interactions U in the original model. We note that its sign is negative, and this is consistent with
the fact that the impurity entanglement entropy should eventually saturate at the value ln(2) in the limit LTb → 0.
An interesting observation is that this correction is minimal at the free point U = 0 in the IRLM or the Toulouse
point in the Kondo model, see figure 8.
In the regime of attractive coulombic interaction, i.e. at negative U corresponding to D > 1/2, the correction (41)

displays a very weak dependence on D, and the entanglement entropy, at order (LTb)−7, is essentially that of free
fermions U = 0.
On the other hand, at very small D (this situation can be reached in the one-wire IRLM by choosing a sufficiently

large repulsive coulombic interaction U), the correction (41) scales as 1/D4 and is thus unbounded: the universal
crossover function defining the entanglement entropy is thus deeply affected by the interactions for U > 0, even in
the strong coupling regime.

It is instructive to compare the universal crossover function for the entanglement entropy with that of the boundary
entropy s introduced by Affleck and Ludwig [20, 21]. In the UV limit, both those quantities reach the value ln(2).
In the IR limit, they both vanish. The boundary entropy s is simply related to the partition functions of the
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calculations, we find:
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)
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displays a very weak dependence on D, and the entanglement entropy, at order (LTb)−7, is essentially that of free
fermions U = 0.
On the other hand, at very small D (this situation can be reached in the one-wire IRLM by choosing a sufficiently

large repulsive coulombic interaction U), the correction (41) scales as 1/D4 and is thus unbounded: the universal
crossover function defining the entanglement entropy is thus deeply affected by the interactions for U > 0, even in
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FIG. 1: The form factor approximations together with the IR expansion

as expected.
We now return to the RLM, whose results are obtained simply by multiplying those for Ising by a factor of two.

In the following, we will allow for an extra multiplicative renormalization to obtain the UV result exactly, that is
consider, at lowest order, the ratio

S(2)

imp

(LT
B

) ⌘ ln 2
s
2

(LT
B

)� s
2

(1)

s
2

(0)� s
2

(1)
= ln 2

Z 1

0

du

(1 + u)2
e�4LT

B

u. (71)

It is then interesting to consider the IR expansion of this quantity. Using

s
2

(LT
B

)� s
2

(1) =
1

2
[↵e↵Ei(�↵) + 1] , ↵ = 4LT

B

, (72)

where Ei is the usual exponential integral function. One finds

S(2)

imp

(LT
B

) = 2 ln 2
n

X

k=1

(�1)k�1

k!

2(4LT
B

)k
+O

✓

1

(LT
B

)n+1

◆

, (73)

where the expansion is only asymptotic. We see thus our ‘renormalized’ first order approximation interpolates between
ln 2 and to ln 2

4LT

B

= 0.173287/(LT
B

), while the exact result goes from ln 2 to 1

6LT

B

= 0.16666/(LT
B

), which is quite
good.

The next order approximation can be handled similarly, and we will simply provide the corresponding results on
the curves below.

We plot our results for the FF approach on figure 1 where the dashed line is the IR expansion (see above and [13]),
and the full colored lines are form factors approximations. Clearly, on this scale, the (renormalized) FF expansion
has converged very quickly. We shall soon see how close it is to the real data from numerical simulations on the XX
chain.

We now discuss briefly the UV behavior. For s
2

, standard tables give

S(2)

imp

(LT
B

) = ln 2 + 4 ln 2⇥ (LT
B

) [ln 4 + � + ln(LT
B

)] + . . . (74)

where � ' 0.5772 . . . is the Euler constant. This provides a leading order correction in the UV which reads
4 ln 2(LT

B

) ln(LT
B

). Note that this is compatible with what was expected from the general discussion about the
non perturbative behavior in the UV: we get a term linear in LT

B

, decorated by logarithmic corrections. The next
order is more di�cult to handle analytically, but very accurate numerics shows that it does behave similarly, only
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FIG. 3: Comparison of numerical results and various approximations (recall that �S = Simp(LTB)).

order to obtain the bulk result we determine the reduced density matrix ⇢
B,L

for the first L sites of the chain. The
reason for taking the bulk result from the opposite end of the chain is that we cannot just study a chain of M 0 sites,
as we would then have a degenerate ground state as M 0 is odd. The diagonalization is performed within double
precision, while the trace for the entropy is performed using quadruple (128 bit) precision.

The entanglement entropy corresponding to the single particle reduced density matrix is now given by

S = �Tr⇢ ln ⇢� Tr (1� ⇢) ln (1� ⇢) , (78)

which finally leads to

S
imp,L

= S
I,L+1

� S
B,L

. (79)

In figure 3 we plot the numerical results together with the first three orders of the IR expansion and the first order
of the FF expansion. We would like to remark that on the lattice we get small 2k

F

oscillations on top of the continuum
result.

Figure 4 is a similar plot emphasizing the IR behavior.
Finally, in figure 2 – as commented already – we focus on the singularity in the UV, comparing slopes obtained

from the FF expansion. Our numerics on system sizes M = 3 · 104 . . . 105 is consistent with a singularity

S
imp

= ln 2 + ↵LT
B

ln(LT
B

) + . . . , (80)

with a slope �7.5 <⇠ ↵ <⇠ �8. By applying damped boundary conditions (DBC) [34] one can access very small energy
scales on system sizes which are accessible by numerics. By looking at systems of M = 4000 sites where we scale down
the bulk hopping elements by a factor of ⇤ = 0.98 on each bond from site 2000 to 3000 and using a bulk hopping
element of J⇤1000 on the last 1000 sites we find an indication that the singularity is even slightly stronger. While
we can exclude an L2 behaviour, we can not rule out the possibility of an LT

B

ln2(LT
B

) contribution. Note that the
DBC change the form of the density of states at the Fermi surface, for details see [35]. It is therefore possible that
this additional increase is due to this modification of the level spacing at the Fermi surface. Due to the slow increase
of the logarithm such a clarification is asking for multi precision arithmetic.

IX. CONCLUSION

This study shows that the entanglement entropy of quantum impurities involved in an RG flow is a quantity which
is di�cult to access. It is non perturbative in the UV, and the IR perturbation, while well defined, does not capture

Numerics

Some results for D=1/2



Some conclusions

• It is possible to understand non analyticity of S as a function of the couplings using CFT arguments

• Apart from integrable cases, there is no known way to get analytical results (not even perturbative) 
about S.

• General, instanton like expansions? AdS/CFT duality? (Albash, Johnson, Saleur)


