
                    CONFORMAL FIELD THEORY AND APPLICATIONS (PHYS 720)

Spring 2016

Scheduling: 
The class will follow an intense schedule of 
two 3-hour meetings per week. We will start  
on january 19th and end on march 31st, 2016. 
The time will be 3.30 to 6.20 pm on Tuesday 
and Thursday in SOS B43. For further 
information contact Prof. H. Saleur : 
saleur@usc.edu

A large variety of problems in modern physics -ranging  
from the most theoretical (string theory) to many 
aspects of condensed matter physics (spin chains, 
quantum wires), and issues of quantum information 
(entanglement, Loschmidt echo) - involve conformal 
invariant field theories in 2 dimensions. The 
systematic use of the conformal symmetry has led to 
incredible progress in the understanding of these 
theories, while furthering deep links with mathematics, 
in particular the theory of infinite dimensional Lie 
algebras. 

The purpose of this class is to give a general, down to earth  
introduction to the topic. I will start with a thorough discussion of 
bosonization, and insist on qualitative, physical aspects of conformal 
invariance, with only minimal emphasis on  the general formalism. 
I will also spend quite a bit of time discussing applications. These will 
include aspects of quantum impurity problems - such as ‘Anderson 
orthogonality’ and the Kondo effect, or entanglement and Loschmidt 
echo in - possibly quenched - quantum spin chains. While the 
technical level will be kept rather elementary, a solid first year 
graduate knowledge of statistical mechanics and quantum mechanics 
will be assumed.	


The Riemann surface involved in the calculation of the 	

entanglement entropy of a segment with the rest of a 1dim. chain.
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Figure 2. A representation of the Riemann surface R3,1. Reprinted with
permission from [12].

So far, everything has been for a discrete space domain. We now discuss the
continuum limit, in which a → 0 keeping all other lengths fixed. The points x then
assume real values, and the path integral is over fields φ(x, τ) on an n-sheeted Riemann
surface, with branch points at uj and vj . In this limit, SE is supposed to go over into
the euclidean action for a quantum field theory. We indicate these n-sheeted surfaces
with Rn,N and they are fully defined by the 2N branch points uj and vj . Whenever
the value of n and N is not important, we will simply indicate the surface with R.

In the following, we will restrict our attention to the case when the quantum
field theory is Lorentz invariant, since the full power of relativistic field theory can
then be brought to bear. The behaviour of partition functions in this limit has been
well studied. In two dimensions, the logarithm of a general partition function Z in a
domain with total area A and with boundaries of total length L behaves as

log Z = f1Aa−2 + f2La−1 + . . . (10)

where f1 and f2 are the non-universal bulk and boundary free energies. Note, however,
that these leading terms cancel in the ratio of partition functions in (8).

In a conformal field theory, as was argued by Cardy and Peschel [14], there are also
universal terms proportional to log a. These arise from points of non-zero curvature
of the manifold and its boundary. In our case, these are conical singularities at the
branch points. In fact, it is precisely these logarithmic terms which give rise to the
non-trivial dependence of the final result for the entropy on the short-distance cut-
off a. For the moment let us simply remark that, in order to achieve a finite limit
as a → 0, the right hand side of (8) should be multiplied by some renormalization
constant Z(A, n).

2.4. From replicated world-sheet to replicated target-space: Twist fields

In the simplest instances it is possible to directly calculate the partition function on a
n-sheeted Riemann surface, but in most of the cases this is very difficult. However, the
surface we are dealing with has curvature zero everywhere except at a finite number
of points (i.e. the boundaries between A and B uj , vj above). Since the lagrangian
density does not depend explicitly on the Riemann surface R as a consequence of
its locality, it is expected that the partition function can be expressed as an object
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